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Atenaxosu�yan �ndhanur bnu�agir�

�emayi ardiakanu�yun�: Erkrord kargi bana� eri (lezuneri) hetazo-

tu�yunneri ardiakanu�yan hamar tes` [5, 14, 15]: Gernuynu�yun� [17, 18,

19, 20, 21, 36] (kam ∀(∀)-nuynu�yun�) het yal tesqi erkrord kargi bana� �`

∀X1, . . . , Xm∀x1, . . . , xn(ω1 = ω2),

orte� ω1, ω2-� ba�er en X1, . . . , Xm funkcional �o�oxakanneri  x1, . . . , xn

a�arkayakan �o�oxakanneri aybubenum: Gernuynu�yunner� sovorabar ner-

kayacvum en a�anc universal qvantorneri, aysinqn` ω1 = ω2: Kasenq, or

ω1 = ω2 gernuynu�yun� te�i uni (bavararvum �) (Q; Σ) hanraha�vum, e�e

ayd havasaru�yun� te�i uni cakaca� xj a�arkayakan �o�oxakani` Q

bazmu�yan cankaca� tarrov �oxarinman  cankaca� Xi funkcional �o-

�oxakani` Σ bazmu�yan hamapatasxan te�aynu�yamb kamayakan gor�o-

�u�yamb �oxarinman depqum: Aydpisi �oxarinman hnaravoru�yun� en-

�adrvum �, aysinqn`

{|X1|, . . . , |Xm|} ⊆ {|A| | A ∈ Σ} = T(Q;Σ) = T(Σ),

orte� |S|-� S-i te�aynu�yunn �,  T(Q;Σ)-n ko�vum � (Q; Σ) hanraha�vi �vaba-

nakan tip: T ⊆ N �vabanakan tipov hanraha�iv� ko�vum � T -hanraha�iv:

Hanraha�ivneri das� ko�vum � T -hanraha�ivneri das, e�e nra cankaca�

hanraha�iv T -hanraha�iv �: Ays ga�a�ar� nermu�vel � [2]-um binar qvazi-

xmbayin gor�o�u�yunnerov hanraha�ivneri hamar: Tes na ` [6, 9]:

Konuynu�yun� [17, 18, 19, 20, 21, 36] (kam (∃)∀-nuynu�yun�) het yal tesqi

erkrord kargi bana� �`

∃x1, . . . , xn∀X1, . . . , Xm(w1 = w2) :

Konuynu�yun� nuynpes, sovorabar nerkayacvum � a�anc universal qvan-

torneri` ω1 = ω2: Kasenq, or ω1 = ω2 konuynu�yun� te�i uni (bavararvum

�) (Q; Σ) hanraha�vum, e�e Q bazmu�yan mej goyu�yun unen tarrer orpes

x1, . . . , xn a�arkayakan �o�oxakanneri ar�eqner, aynpisiq, or ω1 = ω2

havasaru�yun� te�i uni nra` a�arkayakan �o�oxakanneri veron�yal go-

yu�yun uneco� ar�eqnerov �oxarinman  cankaca� funkcional �o�oxa-
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kani` Σ bazmu�yan hamapatasxan te�aynu�yan cankaca� gor�o�u�yamb

�oxarinman depqum (aydpisi �oxarinman hnaravoru�yun� en�adrvum �):

Ays ga�a�ar� nermu�vel � [17]-um:

�rinak 1: Cankaca� multi�perator Ω-xmbum het yal konuynu�yun� ���-

marit �`

X(0, . . . , 0
︸ ︷︷ ︸

n

) = 0,

cankaca� n ∈ T(Ω), orte� bolor a�arkayakan �o�oxakanner� �oxarinva�

en Ω-xmbi zroyakan tarrov [8, 10, 11, 28]:

�rinak 2: (J. von Neumann) Dicuq L(+, ·)-� modulyar kavar �  a, b, c ∈ L:

L-i a, b, c tarrerov �nva� en�akavar� klini ba�xakan, e�e �ax ba�xaka-

nu�yan het yal konuynu�yun�`

X (a, Y (b, c)) = Y (X(a, b), X(a, c))

te�i uni L-um:

Kasenq, or gernuynu�yun� o� trivyal �, e�em > 1:m = 1 depqum ayn ko�vum

� trivyal: m �iv� ko�vum � gernuynu�yan funkcional �ang:

Binar gor�o�u�yunnerov hanraha�iv� ko�vum � binar hanraha�iv [4]: (Q; Σ)

binar hanraha�iv� ko�vum � q-hanraha�iv (e-hanraha�iv), e�e goyu�yun

uni A ∈ Σ, aynpisin, or Q(A)-� qvazixumb � (miavorov xmboid): (Q; Σ)

binar hanraha�iv� ko�vum � funkcional o� trivyal, e�e |Σ| > 1, haka�ak

depqum` funkcional trivyal: Haytni � [17, 18] (tes na [19, 23]), or e�e

funkcional o� trivyal q-hanraha�vum (e-hanraha�vum) te�i uni o� trivyal

zugordakanu�yan gernuynu�yun, apa nra funkcional �ang� 2 �  ayn uni

het yal tesqeric or � mek�`

X(x, Y (y, z)) = Y (X(x, y), z), (ass)1

X(x, Y (y, z)) = X(Y (x, y), z), (ass)2

Y (x, Y (y, z)) = X(X(x, y), z) : (ass)3

Avelin, q-hanraha�ivneri (e-hanraha�ivneri) dasum (ass)3-ic bxum �

(ass)2-�, (ass)2-ic` (ass)1-�:
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(Q; Σ) hanraha�iv� ko�vum � inqnaham�nkno�, e�e ayn bavararum � het yal

inqnaham�nknman gernuynu�yan�`

X(x, . . . , x
︸ ︷︷ ︸

n

) = x, (id)

cankaca� n ∈ T(Q;Σ)-i hamar: (Q; Σ) hanraha�iv� ko�vum � gerzugordakan,

e�e ayn bavararum � (ass)1 zugordakanu�yan gernuynu�yan�:

�rinak 3: Dicuq A,B-n o� datark bazmu�yunner en, Σ-n B-ic A bolor

artapatkerumneri bazmu�yunn �, isk Q-n` A-ic B: Amen mi α ∈ Σ tarri

hamar Q bazmu�yan vra sahmanenq binar gor�o�u�yun het yal kerp`

α(a, b) = a · α · b,

orte� a, b ∈ Q  (·)-� artapatkerumneri sovorakan hamadruy�n �: Avelin,

e�e A = B, menq stanum enq (Q; Σ; ·) erkrord kargi hanraha�iv [24]-i imas-

tov:

Gerzugordakan hanraha�ivner� kisaxmbayin gor�o�u�yunnerov hanraha-

�ivner en: Gerzugordakan hanraha�ivner� Γ-kisaxmber  doppelkisaxmber

anvanumneri nerqo ditarkvum en na tarber he�inakneri ko�mic [1, 25, 13,

26, 31, 32, 33, 35, 34, 38, 39]:

Ays atenaxosu�yun� nvirva� � hanraha�ivneri tarber daseri ka�ucva�-

qayin xndirnerin, kapva� gernuynu�yunneri  konuynu�yunneri het: Heta-

zotvum en inqnaham�nkno�  gerzugordakan hanraha�ivneri ka�ucva�-

qayin xndirner�, oronq masnavorapes handisanum en kisaxmbayin gor�o-

�u�yunnerov hanraha�ivner: Elnelov �st zroyi zugordakan g�ayin hanra-

ha�vi ga�a�aric, nermu�vum � 4-zugordu�yan ga�a�ar�, or� handisanum

� xmbayin gor�o�u�yunnerov gerzugordakan hanraha�vi ga�a�ari bnakan

�ndhanracum�:

Atenaxosu�yan mej nermu�va� himnakan ga�a�arneric � g-hanraha�vi

ga�a�ar�, orpes g�ayin hanraha�vi  universal hanraha�vi ga�a�arneri

miavorum:

A�xatanqi himnakan npatak�  ditarkva� xndirner�: Nkaragrel inq-

naham�nkno�  gerzugordakan hanraha�ivneri ka�ucva�q�:

Gtnel inqnaham�nkno�  gerzugordakan hanraha�vi` te�a�oxakanu�yan

�oxancakanu�yan hatku�yamb ��tva� linelu hamar anhra�e�t  bavarar

paymanner:
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Apacucel Qellii tipi �eoremner g-dimonoidneri hamar:

Hetazotel 4-zugordu�yunneri  xmbayin gor�o�u�yunnerov gerzugorda-

kan hanraha�ivneri mij kap�:

Apacucel Ar�ini tipi �eorem g-hanraha�ivneri hamar:

Hetazotu�yan me�odner�: Ays atenaxosu�yan mej �gtagor�vum en uni-

versal hanraha�ivneri  kisaxmberi tesu�yan hetazotakan me�odner:

Gitakan noruy��: Bolor himnakan ardyunqner� nor en: Dranq en`

1. Apacucvel �, or yuraqan�yur inqnaham�nkno�  gerzugordakan hanra-

ha�iv handisanum � u��ankyun kisaxmberi kisakavarayin ka�ucva�q:

2. Apacucvel �, or te�a�oxakanu�yan �oxancakanu�yamb ��tva� can-

kaca� inqnaham�nkno�  gerzugordakan hanraha�iv, or� bavararum

� medialu�yan het yal gernuynu�yan�`

Y (X(x, y), Y (z, x)) = Y (X(x, z), Y (y, x)),

handisanum � kisakavarneri u��ankyun ka�ucva�q:

3. Apacucvel �, or cankaca� inqnaham�nkno�  gerzugordakan hanraha-

�iv, or� handisanum � kisakavarneri u��ankyun ka�ucva�q, ��tva�

� te�a�oxakanu�yan �oxancakanu�yamb:

4. Dicuq S-� kisaxumb �, X 6= ∅-� bazmu�yun �, (·)-� �ax S-azdecu�yun

�, (◦)-� aj S-azdecu�yun �, ϕ : X → S artapatkerum� S kisaxmbi

(l, r)-morfizm �: Sahmanenq het yal binar gor�o�u�yunner�`

≻: X ×X → X, x ≻ y := ϕ(x) · y, ∀x, y ∈ X,

≺: X ×X → X, x ≺ y := x ◦ ϕ(y), ∀x, y ∈ X :

Ayd depqum (X;≺,≻) hanraha�iv� klini g-dimonoid: Avelin` cankaca�

g-dimonoid izomorforen nerdrvum � mi aydpisi g-dimonoidi mej:

5. Dicuq S kisaxumb� bavararum � het yal nuynu�yan�`

xyz = tlp :
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Sahmanenq het yal binar gor�o�u�yunner�`

(g, h) ≺ (k, l) = (gh, hk),

(g, h) ≻ (k, l) = (gk, gl) :

Ayd depqum (S × S;≺,≻) hanraha�iv� g-dimonoid �, or� bavararum �

het yal gernuynu�yan�`

X(x, Y (y, z)) = Z(T (t, l), p) :

Haka�ak�` cankaca� g-dimonoid, or� bavararum � veron�yal gernuynu�-

yan�, izomorforen nerdrvum � mi aydpisi g-dimonoidi mej:

6. Cuyc � trvum 4-zugordu�yunneri  xmbayin gor�o�u�yunnerov gerzu-

gordakan hanraha�ivneri mij kap� Malc yan artadryali mijocov:

7. Apacucvum �, or xmbayin gor�o�u�yunnerov gerzugordakan hanraha�-

vi qvazibulyan asti�an� 4-zugordu�yun �:

8. Dicuq R(+,Σ,Φ)-n geralternativ g-hanraha�iv �, or� bavararum �

het yal konuynu�yan�`

X(a, Y (b, c)) = Y (X(a, b), c) :

Ayd depqum R(+,Σ,Φ)-i` a, b, c ∈ R tarrerov �nva� en�ahanraha�iv�

gerzugordakan �:

Tesakan  gor�nakan ar�eq�: Bolor himnakan ardyunqner�  m�akva�

himnakan me�odner� unen tesakan hetaqrqru�yun erkrod kargi bana� eri

hetaga hetazotu�yan hamar:

Stacva� ardyunqneri graqnnu�yun�  �or�arkum�: Atenaxosu�yan

himnakan ardyunqner� nerkayacvel en het yal mijazgayin gitakan konfe-

ransnerum  gitakan seminarnerum`

”On idempotent and hyperassociative algebras”, Yerevan State University, Con-

ference Dedicated to the Memory of Academician Mkhitar Djrbashyan, October

22–24, 2018, Yerevan, Armenia. ”On hyperassociative algebras”, Sobolev Institute

of Mathematics, Novosibirsk State University, International Conference Mal’tsev

Meeting 2018, p. 219, November 19–22, 2018, Novosibirsk, Russia. ”On idempo-

tent and hyperassociative algebras”, AAA97, 97th Workshop on General Algebra,
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p. 41, March 1–3, 2019, Vienna, Austria. ”Cayley-type theorem for g- dimonoids”,

Auburn University, Spring Southeastern Sectional Meeting, March 15–17, 2019,

Auburn, AL, USA. ”Cayley-type theorem for g- dimonoids”, University of Hawaii

at Manoa, Spring Central and Western Joint Sectional Meeting, March 22–24, 2019,

Honolulu, HI, USA.

Hraparakumner�: Atenaxosu�yan himnakan ardyunqner� hraparakvel

en �vov 8 a�xatanqnerum (3 hodva�  5 konferansneri �ezis), oronq berva�

en h�umneric heto:

Atenaxosu�yan ka�ucva�q�  �aval�: Atenaxosu�yun� kazmva� � ne-

ra�u�yunic, hing glxic, am�o�umic  h�umneri cucakic: H�umneri qanak�

46 �, atenaxosu�yan �jeri qanak� 85 �:

8



A�xatanqi bovandaku�yun�

A�ajin glux� nvirva� � inqnaham�nko�  gerzugordakan hanraha�ivneri

ka�ucva�qayin hetazotu�yan�: Stacva� ardyunqner�, masnavorapes, han-

disanum en na kisaxmberi tesu�yan hamapatasxan ardyunqneri �ndhan-

racumner [29, 30]:

Q(·) xmboid� ko�vum � inqnaham�nkno� xmboid, e�e te�i uni het yal pay-

man�`

x · x = x, ∀x ∈ Q :

Dicuq Q(·)-� inqnaham�nkno� xmboid �: Ayd depqum (·)-� nuynpes ko�vum �

inqnaham�nkno�: Kisaxumb� ko�vum � kisakavar, e�e ayn inqnaham�nkno� �

 te�a�oxakan: E�e Q(·)-� kisakavar �, apa (·)-� ko�vum � kisakavarayin

gor�o�u�yun: Xmboid� ko�vum � u��ankyun xmboid, e�e ayn bavararum �

x(yx) = x nuynu�yan�: E�e Q(·)-� u��ankyun xmboid �, apa (·)-� nuynpes

ko�vum � u��ankyun:

(Q; Σ) binar hanraha�iv� ko�vum � hakate�a�oxakan, e�e het yal pay-

man� te�i uni`

X(x, y) = X(y, x) ⇒ x = y,

orte� X ∈ Σ  x, y ∈ Q: (Q; Σ) hanraha�iv� ko�vum � te�a�oxakanu�yan

�oxancakanu�yamb ��tva�, e�e ayn bavararum � het yal paymanin`

X(x, y) = X(y, x) & X(y, z) = X(z, y) ⇒ X(x, z) = X(z, x),

orte� X ∈ Σ  x, y, z ∈ Q:

(Q; Σ) hanraha�iv� ko�vum � u��ankyun hanraha�iv, e�e ayn bavararum

� het yal (u��ankyunu�yan) gernuynu�yan�`

X(x,X(y, x)) = x : (rect)

(Q; Σ) binar hanraha�iv� ko�vum � kisakavarneri u��ankyun ka�ucva�q,

e�e goyu�yun uni (Q; Σ)-i kongruencia aynpisin, or hamapatasxan fak-

tor hanraha�iv� u��ankyun hanraha�iv �, isk Σ-i yuraqan�yur gor�o�u�-

yun kisakavarayin � amen mi hamar�equ�yan dasum: (Q; Σ) binar hanraha-

�iv� ko�vum � u��ankyun kisaxmberi kisakavarayin ka�ucva�q, e�e goyu�-

yun uni (Q; Σ)-i kongruencia aynpisin, or hamapatasxan faktor hanra-
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ha�vum cankaca� gor�o�u�yun kisakavarayin �, isk Σ-i yuraqan�yur gor-

�o�u�yun u��ankyun � amen mi hamar�equ�yan dasum [36, 29]:

E�e (Q; Σ)-n funkcional o� trivyal, inqnaham�nkno�  gerzugordakan han-

raha�iv �, apa |Q| ≥ 4: Stor berenq funkcional o� trivyal, inqnaham�nkno�

 gerzugordakan Q(+, ·) hanraha�vi �rinak [20] ir gor�o�u�yunneri Qellii

a�yusaknerov`

+ 1 2 3 4

1 1 1 1 1

2 1 2 1 4

3 3 3 3 3

4 4 4 4 4

· 1 2 3 4

1 1 1 1 1

2 1 2 4 4

3 3 3 3 3

4 4 4 4 4

Avelin, 4-tarrani funkcional o� trivyal, inqnaham�nkno�  gerzugorda-

kan Q(+, ·) hanraha�ivneri qanak� 24 � [20]: Ayd hanraha�ivneri artadryal-

ner� klinen 4 binar gor�o�u�yunnerov inqnaham�nkno�  gerzugordakan han-

raha�ivner [21]:

Glux 1-i himnakan ardyunqnern en.

�eorem 1: Dicuq (Q; Σ)-� inqnaham�nkno�  gerzugordakan hanraha�iv �:

Ayd depqum

θ∗ = {(x, y) ∈ Q×Q | X(x,X(y, x)) = x,X(y,X(x, y)) = y, ∀X ∈ Σ}

haraberu�yun� (Q; Σ)-i vra sahmanva� kongruencia �, aynpisin, or hama-

patasxan faktor hanraha�vi amen mi gor�o�u�yun kisakavarayin �, isk

hamar�equ�yan daser�` u��ankyun kisaxmber:

�eorem 2: Dicuq (Q; Σ)-n inqnaham�nkno�  gerzugordakan hanraha�iv �,

or� bavararum � medialu�yan het yal gernuynu�yan�`

Y (X(x, y), Y (z, x)) = Y (X(x, z), Y (y, x)) :

Ayd depqum (Q; Σ)-n ��tva� � te�a�oxakanu�yan �oxancakanu�yan hat-

ku�yamb ayn  miayn ayn depqum, erb ayn uni kisakavarayin u��ankyun

ka�ucva�q:
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Ay�m ancnenq erkrord glxi himnakan ardyunqneri �aradrman�:

(X;≺,≻) erku binar gor�o�u�yunnerov hanraha�iv� ko�vum � g-dimonoid

[22], e�e ayn bavararum � het yal 4 zugordakanu�yan nuynu�yunnerin`

(x ≺ y) ≺ z = x ≺ (y ≺ z), (A1)

(x ≺ y) ≺ z = x ≺ (y ≻ z), (A2)

(x ≺ y) ≻ z = x ≻ (y ≻ z), (A3)

(x ≻ y) ≻ z = x ≻ (y ≻ z) : (A4)

(X;≺,≻) g-dimonoid� ko�vum � dimonoid [12], e�e ayn bavararum � na 

het yal zugordakanu�yan nuynu�yan�`

(x ≻ y) ≺ z = x ≻ (y ≺ z) : (A5)

Erkrod glux� nvirva� � g-dimonoidneri ka�ucva�qi usumnasiru�yan�:

[40] a�xatanqum usumnasirvel � dimonoidneri ka�ucva�q�: g-dimonoidi

ga�a�ar� handisanum � dimonoidi ga�a�ari �ndhanracum�: Apacucvel

en het yal Qellii tipi �eoremner� g-dimonoidneri hamar.

�eorem 3: Dicuq S-� kisaxumb �, X 6= ∅-� bazmu�yun �, (·)-� �ax S-azde-

cu�yun �, (◦)-� aj S-azdecu�yun �, ϕ : X → S artapatkerum� S kisaxmbi

(l, r)-morfizm �: Sahmanenq het yal binar gor�o�u�yunner�`

≻: X ×X → X, x ≻ y := ϕ(x) · y, ∀x, y ∈ X,

≺: X ×X → X, x ≺ y := x ◦ ϕ(y), ∀x, y ∈ X.

Ayd depqum (X;≺,≻) hanraha�iv� klini g-dimonoid: Ev haka�ak�` cankaca�

g-dimonoid izomorforen nerdrvum � mi aydpisi g-dimonoidi mej:

Orpes het anq naxord �eoremic, stacvum � Qelli tipi �eorem dimonoid-

neri hamar, or� apacucva� � [40] a�xatanqum:

�eorem 4: Dicuq S kisaxumb� bavararum � het yal nuynu�yan�`

xyz = tlp :

Sahmanenq het yal binar gor�o�u�yunner�`

(g, h) ≺ (k, l) = (gh, hk),
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(g, h) ≻ (k, l) = (gk, gl) :

Ayd depqum (S×S;≺,≻) hanraha�iv� g-dimonoid �, or� bavararum � het yal

gernuynu�yan�`

X(x, Y (y, z)) = Z(T (t, l), p) :

Ev haka�ak�` cankaca� g-dimonoid, or� bavararum � veron�yal gernuynu�-

yan�, izomorforen nerdrvum � mi aydpisi g-dimonoidi mej:

Hanraha�vi bulyan asti�ani ga�a�ar� haytni � hanraha�vakan hama-

kargeri �ndhanur tesu�yan mej [27]: Dra �ndhanracumn � handisanum han-

raha�vi qvazibulyan asti�ani het yal ga�a�ar�: Dicuq L(+, ·)-� lriv ka-

var �, λ = {li ∈ L | i ∈ I} ⊆ L: Ayd depqum λ-n ko�vum � �r�ogonal hamakarg,

e�e li · lj = 0, orte� i 6= j:

Dicuq L(+, ·)-� lriv kavar �, λ = {li ∈ L | i ∈ I} ⊆ L �r�ogonal hamakarg�

ko�vum � ankax, e�e te�i uni het yal payman�`

(
∑

j∈J

lj) · (
∑

k∈K

lk) = 0,

orte� J ∪K = I, J ∩K = ∅ : Lriv, lracumnerov kavar� ko�vum � qvazibulyan

kavar, e�e nra yuraqan�yur �r�ogonal hamakarg ankax �: O� ba�xakan

(na o� modulyar) qvazibulyan kavari �rinak � N5-�:

Dicuq L-� qvazibulyan kavar �, S = (Q; Σ)-n` hanraha�iv: Ditarkenq

artapatkerumneri het yal bazmu�yun�`

Q[L] = {ν : Q→ L | ν(a) · ν(b) = 0, a 6= b,
∑

a∈Q

ν(a) = 1} :

Amen mi X ∈ Σ gor�o�u�yan hamar Q[L]-i vra sahmanenq het yal binar

gor�o�u�yun�`

XL(µ, ν)(a) =







∑

a=X(b,c) µ(b) · ν(c), e�e ∃b, c ∈ Q, X(b, c) = a,

0, haka�ak depqum:

N�anakenq ΣL = {XL | X ∈ Σ} : S[L] = (Q[L]; ΣL) hanraha�iv� ko�vum � S-i

qvazibulyan asti�an (kam L-asti�an): E�e L-� lriv bulyan kavar �, apa

S[L]-� ko�vum � S-i bulyan asti�an:

Atenaxosu�yan mej a�ajarkvum � n-zugordu�yan ga�a�ar�: Ays ga�a-

�ari masnavor depq� �gtagor�vum � [37] grqum: (ab)c = 0 ⇔ a(bc) = 0
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paymanin bavararo� g�ayin hanraha�iv� ko�vum � zugordakan �st zroyi:

He�t � tesnel, or e�e �st zroyi zugordakan g�ayin hanraha�vum in� or n

hat tarreri artadryal� havasar � zroyi �akag�eri in� or dasavoru�yan

depqum, apa ayn havasar klini zroyi �akag�eri cankaca� ayl dasavoru�-

yan depqum:

Atenaxosu�yan mej �gtagor�vum � Malc yan artadryali [16, 15] het yal

dasakan ga�a�ar�. dicuq K-� hanraha�ivneri das �, B,C ⊆ K: Ayn (A; Σ)

K-harha�ivneri das�, oronc hamar goyu�yun uni θ kongruencia aynpisin, or

(A/θ; Σ) ∈ C  bolor en�ahanraha�iv handisaco� θ-daser� B-ic en, ko�vum �

B,C en�adaseri Malc yan artadryal  n�anakvum �` B ◦K C:

Dicuq (A; Σ)  (B; Θ) hanraha�ivner en, ϕ : A→ B  
∼

ψ: Σ → Θ artapatke-

rumner en aynpes, or X-�  
∼

ψ (X)-� unen nuyn te�aynu�yun�: (ϕ,
∼

ψ) zuyg�

ko�vum � bihomomorfizm (A; Σ) hanraha�vic (B; Θ) hanraha�vi mej, e�e`

ϕ(X(a1, ..., an)) =
∼

ψ (X)(ϕ(a1), ..., ϕ(an)),

cankaca� X ∈ Σ gor�o�u�yan hamar  cankaca� a1, ..., an ∈ A tarreri

hamar [17]:

(A; Σ) hanraha�iv� ko�vum � miavornerov, e�e amen mi X ∈ Σ gor�o�u�yun

uni miavor, or� kn�anakenq eX-ov  te�i uni het yal lracuci� payman�`

X(x, eY ) = X(eY , x),

cankaca� X,Y ∈ Σ gor�o�u�yunneri  cankaca� x ∈ A tarri hamar:

�rinak 4: Berenq miavornerovQ(+, ·) hanraha�vi �rinak, orte�Q = {a, b, c}

 e+ = c, e· = b`

+ a b c

a a a a

b a a b

c a b c

· a b c

a a a a

b a b c

c a c a

(A; Σ) hanraha�iv� ko�vum � fiqsva� miavorov e�e ayn miavornerov �  

eX = eY cankaca�X,Y ∈ Σ gor�o�u�yunneri hamar: Ayd depqum kn�anakenq`

eΣ = eX :

Dicuq (A; Σ)-n hanraha�iv �, a1, ..., an ∈ A  X1, ..., Xn−1 ∈ Σ: a1a2...an

ba�� (�erm�), orte� �akag�er�  X1, ..., Xn−1 funkcional �o�oxakanner�
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dasavorva� en in� or kerp, ko�vum � artadryal kam a1, ..., an tarreri n-ar-

tadryal X1, ..., Xn−1 gor�o�u�yunneri nkatmamb (kam u��aki n-artadryal):

Dicuq (A; Σ)-n hanraha�iv �, n ≥ 3, a1, ..., an ∈ A  X1, ..., Xn−1 ∈ Σ:

Ayd depqum X1(a1, X2(a2, ..., Xn−1(an−1, an)...)) artadryal� ko�vum � a1, ..., an

tarreri kanonakan n-artad- ryal X1, ..., Xn−1 gor�o�u�yunneri nkatmamb

(kam u��aki kanonakan n-artadryal):

Indukciayov he�tu�yamb kareli � apacucel, or gerzugordakan hanra-

ha�vum cankaca� artadryal bervum � kanonakan artadryali (tesqi):

(A; Σ) miavornerov hanraha�iv� ko�vum � n-zugordakan (n ≥ 3) �st mia-

vorneri, e�e cankaca� k ∈ {3, 4, ..., n}-i hamar te�i uni het yal pndum�.

ayn �astic, or in� or a1, ..., ak tarreri k-artadryal� in� or X1, ..., Xk−1 ∈ Σ

gor�o�u�yunneri nkatmamb havasar � in� or miavori, apa a1, ..., ak tarreri

bolor k-artadryalner� X1, ..., Xk−1 ∈ Σ gor�o�u�yunneri nkatmamb nuynpes

havasar en ayd nuyn miavorin:

Dicuq (A; Σ)-n miavornerov hanraha�iv �: a ∈ A tarr� ko�vum � hakadar-

�eli Σ-i nkatmamb, e�e goyu�yun uni a′ ∈ A aynpisin, or X(a, a′) = X(a′, a) =

eX cankaca�X ∈ Σ gor�o�u�yan hamar: Ayd depqum a′-� ko�vum � a-i fiqsva�

hakadar�: �ndhanur depqum fiqsva� hakadar�� miak� ��: a tarri fiqsva�

hakadar�neri bazmu�yun� kn�anakenq FIa-ov: (A; Σ) hanraha�iv� ko�vum

� ps doxmbayin gor�o�u�yunnerov hanraha�iv, e�e ayn miavornerov �,  

nra yuraqan�yur tarr hakadar�eli � Σ-i nkatmamb: Owsti ps doxmbayin

gor�o�u�yunnerov gerzugordakan hanraha�ivner� xmbayin gor�o�u�yun-

nerov hanraha�ivner en:

(A; Σ) hanraha�iv� kanvanenq n-zugordu�yun, e�e ayn ps doxmbayin gor-

�o�u�yunnerov �  n-zugordakan � �st miavorneri:

Aysuhet atenaxosu�yunum xosq kgna miayn 4-zugordu�yunneri masin:

�rinak 5: Berenq Q(+, ·) xmbayin gor�o�u�yunnerov gerzugordakan han-

raha�vi �rinak, orte� Q = {a, b}`

+ a b

a a b

b b a

· a b

a b a

b a b

�rinak 6: Berenq fiqsva� miavorov hanraha�vi �rinak, orte� amen mi

tarr uni fiqsva� hakadar�`

14



+ a b c

a a a b

b a b c

c b c b

· a b c

a b a b

b a b c

c b c b

Ayste� FIc = {a, c}:

Errord  �orrord gluxner� nvirva� en 4-zugordu�yunneri  xmbayin gor�o-

�u�yunnerov gerzugordakan hanraha�ivneri kapi usumnasiru�yan�: Cuyc

� trvum 4-zugordu�yunneri  xmbayin gor�o�u�yunnerov gerzugordakan

hanraha�ivneri mij kap� Malc yan artadryali mijocov: Apacucvum �, or

xmbayin gor�o�u�yunnerov gerzugordakan hanraha�vi qvazibulyan asti-

�an� 4-zugordu�yun �:

Hingerord glxum nermu�vum � g-hanraha�vi ga�a�ar�, oronq kazmum en

hatuk tipi Ω-xmberi [8, 10, 11, 28] bazma� u�yun:

Haytni � Ar�ini het yal �eorem� te�a�oxakan, zugordakan  miavorov

��aki vra sahmanva� g�ayin hanraha�vi hamar. alternativ g�ayin hanra-

ha�vum erku tarrov �nva� en�ahanraha�iv� zugordakan � [37]: Hingerord

glxum a�ajarkvum � ays dasakan ardyunqi mi layn �ndhanracum, �gta-

gor�elov gernuynu�yan  konuynu�yan ga�a�arner�:

Dicuq Φ-n te�a�oxakan, zugordakan  miavorov ��ak �: A bazmu�yun�

kanvanenq g-hanraha�iv Φ ��aki nkatmamb, e�e A-i vra sahmanva� � Φ-mo-

duli ka�ucva�q,  goyu�yun uni A-i vra sahmanva� binar gor�o�u�yunneri

Σ bazmu�yun, or� modulayin gor�o�u�yunneri het kapva� � het yal havasa-

ru�yunnerov`

X(a+ b, c) = X(a, c) +X(b, c), (1)

X(a, b+ c) = X(a, b) +X(a, c), (2)

α(X(a, b)) = X(αa, b) = X(a, αb), (3)

cankaca� a, b, c ∈ A, α ∈ Φ, X ∈ Σ tarreri hamar: Φ ��aki nkatmamb oro�va�

A g-hanraha�iv� kn�anakenq A(+,Σ,Φ)-ov kam u��aki A-ov:

Berenq g-hanraha�ivneri mi qani �rinakner:

�rinak 7: Dizuq Z-� ambo�j �veri ��akn �, X,Y -� abelyan xmber en, M =

Hom(X,Y ), Σ = Home(Y,X): Amen γ ∈ Σ tarri hamar M-i vra sahmanenq
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het yal binar gor�o�u�yun�`

γ(a, b)
def
= a ◦ γ ◦ b− b ◦ γ ◦ a,

orte� (◦)-� artapatkerumneri sovorakan hamadruy�n �: He�t � stugel

or g-hanraha�vi aqsiomner� te�i unen, usti M(+,Σ, Z)-� g-hanraha�iv �,

orte� Σ = {γ|γ ∈ Σ}:

�rinak 8: Dicuq P -� da�t �, n-� bnakan �iv �, Pn×n-� P -i tarreric

kazmva� n-rd kargi qa�akusayin matricneri bazmu�yunn �,+-� matricneri

sovorakan gumarumn �, (·)-�` matricneri sovorakan bazmapatkum�: Sahma-

nenq mek ayl binar gor�o�u�yun Pn×n-i vra`

A ◦B
def
= AT ·B :

Ayd depqum Pn×n(+, {·, ◦}, P )-� klini g-hanraha�iv: Nman � ov ◦ gor�o�u�-

yun� karo� enq sahmanel na het yal kerp`

A ◦B
def
= BT ·A :

Dicuq A(+,Σ,Φ)-� g-hanraha�iv �, B ⊆ A: B-� ko�vum � A(+,Σ,Φ)-i en�a-

hanraha�iv, e�e ayn �ak � modulayin gor�o�u�yunneri  Σ-i bolor gor�o�u�-

yunneri nkatmamb:

(Q; Σ) hanraha�iv� ko�vum � �ax geralternativ, e�e ayn bavararum �

het yal gernuynu�yan�`

X(x, Y (x, y)) = Y (X(x, x), y) : (4)

(Q; Σ) hanraha�iv� ko�vum � aj geralternativ, e�e ayn bavararum � het yal

gernuynu�yan�`

X(x, Y (y, y)) = Y (X(x, y), y) : (5)

(Q; Σ) hanraha�iv� ko�vum � geralternativ, e�e ayn �ax  aj geralter-

nativ �:

A(+,Σ,Φ) g-hanraha�iv� ko�vum � geralternativ, e�e (A; Σ) hanraha�iv�

geralternativ �:

Berenq geralternativ g-hanraha�vi �rinak`

�rinak 9: Dicuq A(+, ·, P )-� alternativ hanraha�iv �, isk c-n nra miju-

kin ([3, 7, 37]) patkano� tarr �, aysinqn`

(x · c) · y = x · (c · y),
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cankaca� x, y ∈ A tarreri hamar: A-i vra sahmanenq mek ayl binar gor�o-

�u�yun het yal kerp`

x ◦ y
def
= x · c · y :

Ayd depqum A(+, {·, ◦}, P )-� klini geralternativ g-hanraha�iv:

A(+,Σ,Φ) g-hanraha�iv� ko�vum � gerzugordakan , e�e (A; Σ) hanraha�iv�

gerzugordakan �:

Dicuq A(+,Σ,Φ)-n g-hanraha�iv �: Katarenq het yal n�anakum�`

(x, y, z)X,Y := X(x, Y (y, z))− Y (X(x, y), z),

orte� x, y, z ∈ A,  X,Y ∈ Σ : Het abar (4), (5) paymanner� karo� enq grel

het yal kerp`

(x, x, y)X,Y = 0, ∀x, y ∈ A, ∀X,Y ∈ Σ, (6)

(x, y, y)X,Y = 0; ∀x, y ∈ A, ∀X,Y ∈ Σ : (7)

Dicuq A(+,Σ,Φ)-n g-hanraha�iv �: N�enq, or A(+,Σ,Φ)-n gerzugordakan

� ayn  miayn ayn depqum, e�e te�i uni het yal payman�`

(x, y, z)X,Y = 0,

cakaca� x, y, z ∈ A,  X,Y ∈ Σ tarreri hamar: Dicuq R(+,Σ,Φ)-� g-hanra-

ha�iv �, A ⊆ R: Kasenq A-n ∗-en�abazmu�yun �, e�e te�i uni het yal

payman�`

(A,A,R)X,Y = 0, ∀X,Y ∈ Σ,

aysinqn, te�i uni het yal konuynu�yun�`

X(a1, Y (a2, r)) = Y (X(a1, a2), r),

∀a1, a2 ∈ A, ∀r ∈ R tarreri hamar:

Te�i uni het yal �ndhanur �eorem�`

�eorem 4: Dicuq R(+,Σ,Φ)-� geralternativ g-hanraha�iv �, A,B,C ⊆ R

en�abazmu�yunner� en�ahanraha�ivner  ∗-en�abazmu�yunner en, oronq

bavararum en het yal paymanin`

(A,B,C)X,Y = 0,

cankaca� X,Y ∈ Σ gor�o�u�yunneri hamar: Ayd depqum R-i` A, B  C

en�ahanraha�ivnerov �nva� en�ahanraha�iv� gerzugordakan �:
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Abstract

The thesis is devoted to the study of structural problems of various classes of

algebras using the concepts of hyperidentitiy and coidentity.

In the Chapter 1 we consider the problem of description of the structure of idem-

potent and hyperassociative algebras. The results we have are:

1. It was proved, that every idempotent and hyperassociative algebra is a semi-

lattice structure of rectangular semigroups.

2. It was proved, that every idempotent and hyperassociative algebra with the

transitive commutativity property satisfying the following hyperidentity of

mediality:

Y (X(x, y), Y (z, x)) = Y (X(x, z), Y (y, x))

is a rectangular structure of semilattices.

3. It was proved that every idempotent and hyperassociative algebra, which is

a rectangular structure of semilattices, satisfies the transitive commutativity

property.

In the Chapter 2 we proved Cayley-type theorems for g-dimonoids, using the

concepts of semigroup, act of semigroup and (l, r)-morphism of semigroup.

In the Chapter 3 we proved the following assertions using the concept of boolean

and quasi-boolean power of algebra:

1. We proved that boolean power of rectangular algebra is rectangular.

2. We proved that boolean power of hyperassociative algebra is hyperassociative.

3. We proved that quasi-boolean power of idempotent algebra is idempotent.

In the Chapter 4 we intorduced the concept of 4-association using the concept

of associative modulo zero linear algebra. We describe the class of 4-associations

via Mal’tcev product. It is proved, that quasi-boolean power of hyperassociative

algebra with group operations is a 4-association.

In the Chapter 5 we introduced the concept of g-algebra combining the concepts

linear algebra and universal algebra. We proved the following Artin-type theo-

rem for g-algebras: if g-algebra R(+,Σ,Φ) is hyperalternative, which satisfies the
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following coidentity:

X(a, Y (b, c)) = Y (X(a, b), c),

then the subalgebra of R(+,Σ,Φ) generated by elements a, b, c ∈ R will be hyper-

associative.
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Резюме

Диссертация посвящена структурным проблемам алгебр разных классов, свя-

занных со сверхтождествами и котождествами.

В первой главе рассматривется проблема описания структуры идемпотент-

ных и сверхассоциативных алгебр. Были получены следующие результаты:

• Доказывается, что каждая идемпотентная и сверхассоциативная алгебра

является полурешеточной связкой прямоугольных полугрупп.

• Доказывается, что идемпотентная и сверхассоциативная алгебра удовле-

творяющяя второму сверхтождеству медиальности обладает условием тран-

зитивной коммутативности тогда и только тогда, когда является прямо-

угольной связкой алгебр с полурешеточными операциями.

Во второй главе доказываются теоремы типа Келли для g-димоноидов.

В третьей главе, используя понятия булевой и квазибулевой степени алгебры,

доказываются следующие утверждения:

• Булева степень сверхассоциативной алгебры есть сверхассоциативная ал-

гебра.

• Булева степень прямоугольной алгебры есть прямоугольная алгебра.

• Квазибулева степень идемпотентной алгебры есть идемпотентная алгеб-

ра.

В четвертой главе, исходя из понятия линейной алгебры ассоциативной по

нулю, вводится понятия 4-ассоциации. Описывается класс 4-ассоциаций через

произведение Мальцева. Доказывается, что квазибулева степень сверхассоциа-

тивной алгебры с групповыми операциями есть 4-ассоциация.

В пятой главе, объеденяя понятия линейной алгебры и универсальной ал-

гебры, вводится понятие g-алгебры, для которого доказывается общяя теорема

типа Артина.
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