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General characteristics of the work

Relevance of the theme.

Robustness-to-outliers is a fundamental problem in statistics, which aims at designing statis-
tical procedures that remain stable in presence of outliers. A significant breakthrough in the
field of robust statistics was done by Peter J. Huber with seminal papers ([10, 11]). History and
experience of collecting datasets shows that the outliers were mistakes in data collection, being
it incorrect input by a human or machine or including observations from a different popu-
lation than that of interest. Having robust-to-outliers methods is becoming more and more
critical, since automatically collected datasets are osten heterogeneous. Recent advances in
data acquisition and computational power provoked a revival of interest in robust estimation
and learning, with a focus on finite sample results and computationally tractable procedures.
This was in contrast with more traditional studies analyzing asymptotic properties of statistical
methods.

Loss functions that lead to robust M-estimators [15] are the most popular ones across
the field of statistics and machine learning, since they share a number of useful and desirable
properties for proposed estimators. It is well known that the minimization of the ℓ1 loss function
leads to the median. In a more general way, Lipschitz loss function minimization leads to more
stable (to outliers) methods. Examples of such loss function are Huber’s loss function [10],
quantile losses, above mentioned ℓ1 loss and many others.

To the best of our knowledge, the form
√

p/n + ε of the minimax risk in the Gaussian
mean estimation problem has been first obtained by [2]. They proved that this rate holds
with high probability for the Tukey median, which is known to be computationally intractable
in the high-dimensional setting. The first nearly-rate-optimal and computationally tractable
estimators have been proposed in [12] and [6]. The methods analyzed in these papers are
different, but they share the same idea: If for a subsample of points the empirical covariance
matrix is sufficiently close to the theoretical one, then the arithmetic mean of this subsample is
a good estimator of the theoretical mean.

Further improvements in running times—up to obtaining a linear in np computational
complexity in the case of a constant ε—are presented in [3]. Some lower bounds suggesting
that the log-factor in the term ε

√
log(1/ε) cannot be removed from the rate of computation-

ally tractable estimators are established in [9]. In a slightly weaker model of corruption, [7]
propose an iterative filtering algorithm that achieves the optimal rate ε without the extra fac-
tor
√

log(1/ε). On a related note [4] shows that in a weaker contamination model termed as
parametric contamination, the carefully trimmed mean can achieve a better rate than that of
the coordinatewise/geometric median.

An overview of the recent advances on robust estimation with a focus on computational
aspects can be found in [8]. All these results are proved to hold on an event with a prescribed
probability, see [1] for a relation between results in expectation and those with high probability,
as well as for the definitions of various types of contamination.

An appealing feature of the risk bounds that hold with high probability is that they allow
us to apply Lepski’s method [13] for obtaining an adaptive estimator with respect to ε. The
obtained adaptive estimator enjoys all the five properties enumerated above except the asymp-
totic efficiency, since the adaptation results in a inflation of the risk bound by a factor 3, see
[4] for more details.
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The aim of the thesis:

1. Establish an information theoretic bound for the ℓ2 loss of coordinate-wise median µ̂ =
Med(Y1,Y2, . . . ,Yn) of observations Y1, . . . ,Yn both in probability and in expectation.

2. Construct an estimator µ̂IR
n that is translation and orthogonal transformation invariant.

3. Establish the breakdown point of the estimator µ̂IR
n .

4. Prove that µ̂IR
n is nearly minimax rate optimal with the worst-case risk of order

∥Σ∥1/2op

(√
rΣ/n+ ε

√
log(1/ε)

)
,

with rΣ = Tr(Σ)
∥Σ∥op being the effective rank of matrix Σ.

5. Prove that estimator µ̂IR
n is asymptotically efficient.

6. Construct the robust estimators in the setting of excess-risk setup such that

lim
n→∞

E(µ̂GHT, n, pn, εn) = 0.

7. Modify the estimator µ̂GHT to obtain the minimax rate for excess-risk loss

E(µ̂GHT, ε) ≤
√

ε
p

n
+ Cε2

√
p.

8. Illustrate numerical robustness of Algorithms 1 and 2.

9. Illustrate numerical robustness of Projected Iterative Reweighted Least Squares (Pr-IRLS)
optimization method and prove convergence of the algorithm.

The methods of investigation.

In this thesis we apply methods and techniques obtained on the basis of high-dimensional
statistics, gaussian processes, probabilistic inequalities, minimax theory and related topics.

Scientific innovation.

All results are new and are published in local and international conferences and journals.

Practical and theoretical value.

The results of the work both have theoretical and practical character. The theoretical results
are devoted the minimax theory yielding nearly minimax optimal estimators. Presented various
estimators are shown (numerically) to be robust to the existence of outliers.
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Approbation of the results.

The presented results were presented in the scientific seminar at Yerevan State University.
Some parts of obtained results were presented in local and international conferences.

Publications.

The main results of this thesis have been published in 3 scientific articles in journals, 2 abstracts
in conferences and 1 arXiv paper. The list of the articles is given at the end of the Synopsis.

The structure and the volume of the thesis.

The thesis consists of introduction, 3 chapters of main results followed by conclusion and
discussion, a list of references and 5 appendices. The number of references is 104. The
volume of the thesis is 129 pages. The thesis contains 15 figures and 1 table.

The main results of the thesis

Chapter 1.

The aim of the first chapter is to introduce to the problem of robust estimation both from formal
and from intuitive point of views. We present the two main robust estimators: coordinate-
wise median and trimmed/truncated mean. Theorems concerning their minimax rates were
presented.

Then, the challenges in high-dimensions of robust estimation were briefly discussed and
the following overview of the results available in literature was given.

Dimensionality Error guarantee Efficiency

In low dimensions

Coordinate-wise median (Ch. 1) Θ(ε) Yes

Truncated mean (Ch. 1) Θ(ε
√

log 1/ε) Yes

In dimension p≫ 1
Coordinate-wise median (Ch. 2) Θ(ε

√
p) Yes

Truncated mean Θ(ε
√
p) Yes

Tournament (Ch. 6 [5]) Θ(ε) No
Geometric median ([14], Ch. 2) Θ(ε

√
p) Yes

Tukey’s median ([16]) Θ(ε) No

Iterative Sost Thresholding ([4]) Θ(εp1/4) Yes

[6] O(ε
√

log 1/ε) Yes

Iterative reweighted mean (Ch. 3) O(ε
√

log 1/ε) Yes

Excess-risk setting

Group Hard Thresholding (Ch. 3) O
(√

ε p
n

)
Yes
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The main aim of this thesis is to construct robust estimators with optimal minimax rates,
low computational cost and high breakdown point. In the end of the Chapter we also discuss
the directions of robust estimation beyond mean estimation.

Chapter 2.

Chapter 2 introduces 3 contamination models that will be used further in the thesis and the
robust mean estimators under these contamination models in high-dimensions.

§1. Contamination models.

Huber’s contamination model. Let X1, . . . ,Xn
i.i.d∼ (1 − ε)Pµ + εQ, where Pµ is the

target distribution and Q is an arbitrary distribution of outliers. Notice that under this model
assumption we assume that the outliers are all coming from the same distribution. In other
words, this assumption means that the presence of outliers is caused by a single reason.

An equivalent formulation is the following: suppose that there exist Z1, . . . , Zn
i.i.d.∼ Bern(ε)

such that
{
(Xi, Zi)

}n
i=1

are i.i.d. with

P(Xi ∈ A | Zi = 0) = Pµ(A), P(Xi ∈ A | Zi = 1) = Q(A).

Then, the number of outliers o is defined as follows: o
def
=
∑n

i=1 Zi. Huber’s contamination
model can be summarizes as follows:

MHC(ε) =

{[
(1− ε)Pµ + εQ

]⊗n
: µ ∈M,Q ∈ P

}
, (1)

where P is an arbitrary family of probability distributions.

Parameter contamination model. Fix o ∈ {1, . . . , n} and let Xi
i.i.d.∼ Pµi so that for some

fixed set O ⊂ {1, . . . , n} with |O| ≤ o we have µi = µ for all i ∈ Oc. Then, we can write

MPC(o) =

{
Pµ1 ⊗ · · · ⊗ Pµn : µi ∈M, ∃O ⊂ [n] s.t. |O| ≤ o and µi ̸= µj , ∀i, j ∈ O

}
.

(2)

In other words, the observations X1, . . . ,Xn follow the following rule:

Xi = µ+ θi + ξi, ∀i ∈ [n], (3)

where θi ≡ 0 for all i ∈ Oc and ξi
i.i.d.∼ N (0,Σ). Notice that under this contamination model

assumptions the outliers are still Gaussian itself with the same covariance structure as inliers.
The only difference is that they might be shisted in any (one or more) of p directions.

Adversarial contamination model. Fix o ∈ {1, . . . , n}. Let all but o vectors from sample{
Xi

}n
i=1

are from the distribution Pµ and are independent. Hence XI
i.i.d.∼ Pµ for a set of

inliers I with |I| ≥ n− o. The rest of observation may be arbitrarily selected vectors. Hence,
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MAC(o) =

{
σ(P

⊗
n−o

µ ⊗ P1 ⊗ · · · ⊗ Po) : µ ∈M, σ ∈ Sn

permutation group and P1, . . . ,Po are arbitrary

}
.

Definition. We say that the distribution Pn of dataX1, . . . ,Xn is Gaussian with adversarial
contamination, denoted by Pn ∈ GAC(µ∗,Σ, ε) with ε ∈ (0, 1/2) and Σ ⪰ 0, if there is a set of
n independent and identically distributed random vectors Y1, . . . ,Yn drawn from Np(µ

∗,Σ)
satisfying ∣∣{i : Xi ̸= Y i}

∣∣ ≤ εn. (4)

The chart below indicates how these contamination models are connected between each
other:

MOF

MHCMPC

MAC

§2. Robust mean estimation in high-dimensions.
Coordinate-wise median. The variational formulation of coordinate-wise median is the

following

µ̂CM
n ∈ arg min

µ∈Rp

n∑
i=1

∥Y i − µ∥1. (5)
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Theorem 1. For any a < 1/2 there exist two constants c1 and c2 depending only on a such
that if δ ∈ [2pe−n/c1 , 1], then

inf
ε≤a

inf
Pn∈GAC(Σ,ε)

P

(
∥µ̂CM

n − µ∗∥2 ≤ c2

(
ε
√

Tr(Σ) +

√
Tr(Σ) log(2p/δ)

2n

))
≥ 1− δ.

Moreover,

sup
Pn∈GAC(Σ,ε)

E
[
∥µ̂CM

n − µ∗∥42
]1/4 ≤ c2

√
Tr(Σ)

(
ε+

1√
n

)
+

4
√

Tr(Σ)

1− 2a e−n/(8c1)

holds for any ε ≤ a.

Tukey’s median. For any η ∈ Rp and distribution P on Rp, the Tukey’s depth of η with
respect to P is defined as follows

D(η,P) = inf
u∈Sp−1

P(u⊤X ≤ u⊤η), where X ∼ P. (6)

The empirical counterpart of (6) for i.i.d. observations {Xi}ni=1 is defined as follows:

D(η, {Xi}ni=1) = min
u∈Sp−1

1

n

n∑
i=1

1
{
u⊤Xi ≤ u⊤η

}
,

where Pn = 1
n

∑n
i=1 δXi being the empirical distribution. Then, Tukey’s median is defined

to be the deepest point with respect to given observations {Xi}ni=1, hence

µ̂TM = arg max
η∈Rp

D(η, {Xi}ni=1). (7)

In case of multiple maxima in (7) we take any vector that has the deepest Tukey depth D.

Theorem 2 (Theorem 2.1 from [2]). Assume ε < 1/5 and there exists universal constants
C,C1 > 0 such that for any δ ∈ (0, 0.5) satisfying C1

(
p/n+ log δ−1/n

)
< 1, Tukey’s median

µ̂TM has the following convergence rate

∥µ̂TM − µ∥22 ≤ C

(
p

n
∨ ε2 +

log δ−1

n

)
with probability of at least 1− 2δ uniformly over µ and Q.

Chapter 3.

§1. All inclusive robust estimator. In this part we construct an estimator that has many good
properties for robust estimation. Below we list these properties.

1. The estimator is computationally tractable.

2. The estimator is translation and orthogonal transformation invariant.

3. The breakdown point ε∗n and the nearly-minimax-rate-breakdown point ε∗r of the estima-
tor satisfy, respectively ε∗n = 0.5 and ε∗r ≥ (5−

√
5)/10 ≈ 0.28.
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4. The estimator is nearly minimax rate optimal, in the sense that its worst-case risk is of

order ∥Σ∥1/2op

(√
rΣ/n+ ε

√
log(1/ε)

)
.

5. In the setting ε = εn → 0 so that ε2 log(1/ε) = o(rΣ/n) when n → ∞, the estimator is
asymptotically efficient.

The main theorem is formulated as follows

Theorem 3. There is a universal constant C > 0 such that for any n, p ≥ 1 and for every
ε < (5−

√
5)/10, we have

sup
µ∗∈Rp

sup
Pn∈GAC(µ∗,Σ,ε)

E1/2[∥µ̂IR
n − µ∗∥22] ≤

C∥Σ∥1/2op

1− 2ε−
√

ε(1− ε)

(√
rΣ/n+ ε

√
log(1/ε)

)
.

If, in addition, p ≥ 2 and n ≥ p ∨ 10, then

sup
µ∗∈Rp

sup
Pn∈GAC(µ∗,Σ,ε)

E1/2[∥µ̂IR
n − µ∗∥22] ≤

10∥Σ∥1/2op

1− 2ε−
√

ε(1− ε)

(√
p/n+ ε

√
log(1/ε)

)
.

§2. Excess risk setup.
Let µ̂i = Med(Y1, . . . ,Y i−1,Y i+1, . . . ,Yn) ≡ Med(Y−i) be the sample median of the sam-

ple Y excluding the observation Yi for each i ∈ {1, . . . , n}. The estimator µ̂GHT is then defined
by the following simple procedure. Put

θ̂i = HTλ(Y i − µ̂i) = (Y i − µ̂i)1(∥Y i − µ̂i∥2 > λ) (8)

and take

µ̂GHT =
1

n

n∑
i=1

(Y i − θ̂i) = Ln(Y− Θ̂) (9)

as the final estimator.
Even in the more weaken setup when µ̂i ≡ µ̂ = Med(Y1, Y2, . . . , Yn) the following theorem

takes place for the excess-risk loss

E(µ̂GHT, n, pn, εn) = sup
µ∈Rp;∥Θ∥0,2≤εn

R[µ̂,µ;Θ]−
√

p

n

Theorem 4. For µ̂GHT and λ2 = p+ 8
√

p log ε−1 + 16 log ε−1 we have

lim
n→∞

E(µ̂GHT, n, pn, εn) = 0

provided that εnp
1/4
n log1/2 ε−1

n = o(1) and pn = O(n) as n→∞.

For the minimax rate the estimator (9) enjoys the following bound:
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Theorem 5. Let ε ∈ (0, a) with a < 1/2 and Y be the sample generated according to param-
eter contamination model. For the estimator µ̂GHT and

λ =
√

2 log(2/ε8) +
√

Tr(Σ) + c22
√

Tr(Σ)

(
ε2 +

log(4p/ε8)

2(n− 1)

)
,

where c2 is a constant dependent only on a, then we have the following bound for the excess
risk

E(µ̂GHT, ε) ≤
√

ε
Tr(Σ)

n
+ Cε ·

[
ε
√

Tr(Σ) +
√

log(1/ε) +
(
∥Σ∥1/2F ∨ [log(1/ε)Tr(Σ)]1/4

)]
for some universal constant C.

Chapter 4.

Chapter 4 addresses the problem of robust estimation from the optimizational point of view.
§1. Iteratively reweighted mean estimator.

Algorithm 1 Iteratively reweighted mean estimator

Input: data X1, . . . ,Xn ∈ Rp, contamination rate ε and Σ

Output: parameter estimate µ̂IR
n

Initialize: compute µ0 as a minimizer of
∑n

i=1 ∥Xi − µ∥2
Set K = 0 ∨

⌈
log(4rΣ)−2 log(ε(1−2ε))

2 log(1−2ε)−log ε−log(1−ε)

⌉
.

For k = 1 : K
For i = 1 : n

Set Mi = (Xi − µk−1)(Xi − µk−1)⊤

EndFor
Compute current weights:

w ∈ argmin
(n−nε)∥w∥∞≤1

λmax

( n∑
i=1

wiMi −Σ

)
∨ 0.

Update the estimator: µ̂k =
∑n

i=1 wiXi.
EndFor
Return µ̂K .

§2. Minimizing Huber function. From the intuitive point of view the algorithm from [4]
approximates µ̂⋆ defined as follows

µ̂⋆ ∈ arg min
µ∈Rp

n∑
i=1

ρδ

(
(∥Yi − µ∥22 − σ2p)

1/2
+

σ

)
(10)

for appropriately chosen tuning parameter δ > 0. The objective function from the optimization
problem (10) is unfortunately not convex with respect to µ.

§3. Projected IRLS. The algorithm of IRLS was first introduced in [17]. A modification of
this algorithm was studied and an illustration of one Pr-IRLS algorithm step from x(k) to x(k+1)

given that x(k) is outside of the ball around Yi and its IRLS projection is inside.
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Algorithm 2 IRLS for mean estimation

Given: data Y1, . . . , Yn ∈ Rp and δ.
Initialize: µ(0) = 1

n

∑n
i=1 Yi.

k ← 0
while stopping criterion is False, do
k ← k + 1
tk = [(∥σ−1(Yi − µ(k−1))∥22 − p)

1/2
+ for i = 1, . . . , n]

O = {i : tik > δ}.

Update: µ(k) =
∑

i∈O Yi·δ/t
(i)
k

+
∑

i∈Oc Yi/σ∑
i∈O δ/t

(i)
k

+|Oc|/σ
.

Check stopping criterion.
end while
N ← k and µ̂← µ(N)

Return: µ̂.

x(k)

[IRLS]x⋆
k =: x(k+1)

[Pr-IRLS]x̃(k) =: x(k+1)

Yi

11



Theorem 6. For all but countable set of initial values x(0) and for all i ∈ [N ] if at each
iteration k ≥ 1 x(k) ̸= Yi then the above defined sequence {x(k)}k≥1 converges to x⋆.

Chapter 5.

Chapter 5 concludes the main results of the thesis and contains discussion on the relevance of
obtained results with possible further research directions.
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ԱՄՓՈՓؤՄ

Արշակ Գագիկի Մինասյան

Ռոբաստ գնահատٳմ գաٳսյան միջինի համար հաշվարկելիٳթյան
տիրٳյթٳմ

Ատենախոսٳթյٳնٳմ ստացվել են հետևյալ արդյٳնքները.

1. Ստացվել են Y1, . . . ,Yn տվյալների կոորդինատային կիսորդի µ̂ =
Med(Y1,Y2, . . . ,Yn) ℓ2 կորստի ֆٳնկցիայի համար վերին սահմաններ մեծ
հավանակաٳթյամբ և մաթեմատիկական սպասٳմով։

2. Կառٳցված է այնպիսի գնահատական µ̂IR
n , որը ինվարիանտ է շեղման և օրթոգոնալ

տրանսֆորմացիաների նկատմամբ։

3. Հաշվված է µ̂IR
n գնահատականի ձախողման սահմանը։

4. Ապացٳցված է, որ µ̂IR
n գնահատականի մինիմաքս սխալանքը օպտիմալ է

(լոգարիթմիկ ֆակտորի ճշտٳթյամբ), այսինքն ռիսկը վատագٳյն դեպքٳմ նիٳ
հետևյալ կարգը

∥Σ∥1/2op

(√
rΣ/n+ ε

√
log(1/ε)

)
,

որտեղ rΣ = Tr(Σ)
∥Σ∥op -ը Σ մատրիցի էֆեկտիվ ռանկն է։

5. Ապացٳցված է, որ µ̂IR
n գնահատականը ասիմպտոտիկ էֆեկտիվ է։

6. Դիտարկված է ռոբաստ գնահատٳմը հավելյալ ռիսկի կորստի ֆٳնկցիայի
դեպքٳմ, և կառٳցված է µ̂GHT գնահատական, որի համար ճիշտ է հետևյալ
արդյٳնքը

lim
n→∞

E(µ̂GHT, n, pn, εn) = 0.

7. Ձևափոխվել է µ̂GHT գնահատականը, այնպես որ ստացվել է հետևյալ մինիմաքս
սխալանքը հավելյալ ռիսկի կորստի ֆٳնկցիայի դեպքٳմ

E(µ̂GHT, ε) ≤
√

ε
p

n
+ Cε2

√
p.

8. Հաշվարկելիորեն ցٳյց է տրված, որ ալգորիթմ 1 և 2-ը օժտված են վերոնշյալ
ռոբաստ հատկٳթյٳններով։

9. Հաշվարկելիորեն ցٳյց է տրված, որ պրոյեկտած իտերատիվ վերակշռված
փոքրագٳյն քառակٳսիների մեթոդը նٳյնպես օժտված է ռոբաստ
հատկٳթյٳններով և ապացٳցված է ալգորիթմի զٳգամիտٳթյٳնը։
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РЕЗЮМЕ

Минасян Аршак Гагикович

Робастное оценивание гауссовского среднего в области
вычислительной эффективности

В диссертации получены следующие результаты:

1. Получены верхние оценки для ℓ2 функции потерь покоординатной медианы µ̂ =
Med(Y1,Y2, . . . ,Yn) с большой вероятностью и по математическому ожиданию.

2. Построена оценка µ̂IR
n , которая инвариантна по отношению к сдвигам и

ортогональным трансформациям.

3. Посчитана точка невозврата для оценки µ̂IR
n .

4. Доказано, что оценка µ̂IR
n обладает почти оптимальным минимаксным порядком, в

худшем случае функция потерь имеет порядок

∥Σ∥1/2op

(√
rΣ/n+ ε

√
log(1/ε)

)
,

где rΣ = Tr(Σ)
∥Σ∥op эффективный ранк матрицы Σ.

5. Доказано, что оценка µ̂IR
n асимптотически эффективна.

6. Изучены робастные оценки в случае избыточного риска и построена оценка µ̂GHT

такая, что

lim
n→∞

E(µ̂GHT, n, pn, εn) = 0.

7. Модифицирована оценка µ̂GHT и получен ксный порядок в случае избыточного риска

E(µ̂GHT, ε) ≤
√

ε
p

n
+ Cε2

√
p.

8. Иллюстрирована робастность Алгоритмов 1 и 2.

9. Иллюстрирована робастность проектированного итеративного взвешенного метода
наименьших квадратов и доказана теорема о сходимости метода.
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