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The Thesis can be conditionally divided into two parts: Chapter 1and Chapters 2.3.4.

Chapter 1establishes some half-plane analogs of the solution of a problem in the unit disc,
posed by A.Zygmund. also it solves some more general problem.

Chapters 2.3 are devoted to proving some very general Pompeii type representations of
functions from several weighted spaces of functions holomorphic. harmonic or even just
measurable in the unit disc P and in the half-plane JH_ of the complex plane, which are
used in Chapter 4 for finding some new solutions of the cTequation which is significant in
Complex Analysis.

In the below more detailed description of the mentioned chapters, the references correspond
to those in Thesis, while the numeration of theorems correspond to that in its Introduction.

Chapter 1. It is well-known that the estimation problem of the square order logarithm
integral means of the Blaschke product in the unit disc of the complex plane by means of the
counting function of its zeros was first posed by A.Zygmund. In 1969. using a Fourier series
method this problem was solved by G.R.MacLane and L.A.Rubel 1]. Later. Y.V.Eiko
and A.A.Kondratyuk [2] investigated the more general problem in the case of any order
1< qg<+0C

Aimed at solution of the latter problem in the lower half-plane. G.Y.MikayelyanT [9. 11. 17]
method of Fourier transforms for meromorphic functions is used to investigate the growth
of the Blaschke products in the half-plane and to obtain the natural half-plane analogs of
the mentioned results in the disc.

Considering the Blaschke product of the form

Az | Al
in the lower half-plane and denoting

mq(vyB):(S v<0, 1<qg< +ocC.



iii Theorem 0.7 the author could prove the estimate

r0
mp(r. B) <Cpltil / n(t)dt. —ec<r<0.

where p is the conjugate index of g. i.e. Yp T 1/qg = L Cp is a constant depending solely
on p and n(t) is the quantity of zeros t/g of B{u ), such that Im up- < t. A more delicate
result is established in the particular case when the zeros are on the imaginary axis, also it
is proved a half-plane analog of a result by M.O.Ghirnyk and A.A.Kondratyuk [2] on the
existence of Blaschke products with a given so-called quantity index.

In my opinion, one of the most interesting continuations of the mentioned problems is the
consideration of some Hardy type spaces of Blaschke ~'-products or Green type ~-potentials,
which is done for g = 2 in the recent works1J with some of my Colombian pupils. Thus, a
possible further continuation of the work of Feliks Havrapetyan can be a consideration of
more general, even multidimensional delta-subharmonic spaces with any 1< g < -foe. both
in the suitable analogs of the disc and the half-plane.

Chapter 2. Considering the complex parameters 3 (Re 3 > 0) and p (Re p > —1) instead
ofp>0and 7 > —in [41]. a some representations are found for the functions of the general
spaces H[ i ,(D). /A j . D) O<p< +yz3>0 a>—1 p> —1) are investigated, which
respectively are of functions /(¢) holomorphic. harmonic or just measurable in the unit disc
D and satisfy the condition

il i1, = |/i/i0m icnicia />xo <+oo.

where m is the Lebesgue surface measure. Note that for holomorphic and harmonic func-
tions the above parameters 3 and p are purely technical, since the classes i ,,(D) and
/A ~ (D) evidently coincide with HU (= Ai'X) and its harmonic version. Nevertheless 3 and

y>participate in the above norm definition, since they appear in the found representations
by surface integrals containing the Mittag-Leffler type reproducing kernels

5 0 = 1+i+(+f ?) .~ d_lT
=~ - TTp(\ TO =0 p(p T k/3) -
The goal of the chapter is the passage to complex parameters, mid thr f sund representations
differ from those of M.M.Djrbashian [41] mainly by the passage r x 3 und p. Note

that a passage to complex parameters in the M.M.Djrbashian' i * : < »ntheory and
related results was first suggested by Academician A.B.Nersesian 1

blerbashian, A.M.. Pejendino. 1. Banach spaces of functions delta-subh.>:: lisc. In:
Operator Theory and Harmonic Analysis. OTIIA 2020. r’art | New General - uf the
Flieory, j>p. 2-)1)-277. Springer (2021).

"Jerbashian. A.M.. \'<irgas. D.F.: Banach spaces of functions delta-subharm in a In
Operator Theory and Harmonic Analysis. OTIIA 2020. Part | New General T - fthe

4'heory, pp. 279-296. Springer (2021).



3

Chapter 3 is devoted to the proof of a far-reaching generalization of the Pompeii formula
which then is used for finding a solution of the ~-equation. The following kernels are used:

P TQl+ §+ 3+ Ap EK

IMUC) = w1+ 9, Tl + Kip) ~C¢€
and

Op  T@+/1tJ+kip) cA  (i-tP)*fr+ky

. _ e B.
APAZ Q=1+ 47143, Fu+Ap (N

c € B\ {0} Q,p/A+(~,0) = 1 and the below representation theorem is proved.
Theorem 0.12 Let 1<p<-foe. 0 > —41 Rep>7>—1L p> 1 Also, let

f € D)uCLD) and '-fzl € (H3).
Then, for any : ED fin function /(c) /s representable in the form

I(->=1] /(osw"cxi—icMci"dmio-]ﬁ_/]_% (o W(-C)ANQ)

Note that the last summand in the right-hand side of the above representation disapears
for a holomorphic or harmonic funnetion /(c), while it is a solution of the ~-equation

uz
which plays an important role in complex analysis, especially in several complex variables,
while even in case of one complex variable it had some important applications in the solution
of the corona problem and in approximation theory. A solution of the «/-equation is found
in the next theorem which is a generalization of a statement proved in [44, 45].

Theorem 0.13 r(Q) 6 C/j'(B) for some A> 1. i.e. is k-times continuously differentiable in
B and ??. then the function

=- /1 Ns D.

wherep> 0. Re3. Re > —1 p = (y + 1)/p. is of the class CAB) anil is a solution of
the d-equation in B.

Chapter 4 is devoted to the proof of some half-plane analogs of the results of Chapter 3.
To this end. on the base of the multidimensional representation formula in [51. Theorem2.2 .
the following operator is formally introduced:

2341 (amj)j 1
(i{T]~ tr))~ 1

where it is assumed that Re 3 > —1 and u(i]) is a complex, measurable fun<r, m
Using the Cayley transform, this operator is connected with the correspond:et-end
operator considered in [43], which gives some weighted solutions of the O-equ. <

T*(u)(w) clm{rj),
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This results in various restrictions on the function u(rj). which provide that T*(u)(u is
solution of the ~-equation in The main results are proved in the next two theorem.-

Theorem 0.15 Let afunction u€ C1( +) C' A 1) satisfy one of tin conditions:

@ u(g)Im /I € witho > -1 Re3>qg>dand7< 2+ a:
(b) u(/NHImij € To.-,(IN[+)withl<p< +0c. 0> —1L Re 3> (a+l/p—land7 < 2+q.

Then, the function fj(w) = T*(u)(u) is a solution of the 0-equation
df(w)
cUr
Theorem 0.16 Let 1< p < -hoc. a > —L 7 € R. Besides, let
dp+pRe 3+7—4—2a>0 and Re3 >4p+pRe 3+7—-"Hb—a>—
Then, for any u{w) £ TAf|+)UTo.-dl-) A 1) the function fj{w) Tj(u)(w) is a
solution of the 0-equation in JY . Moreover, the following estimate is true:

W w we

I/Mlp.4p+pRe i+-,-5 a  collstO- ~0.7)lju||p.J.a.r
The main results of the Thesis are published in the papers [73]-[79] of its author.

CONCLUSION

The Candidate Thesis "Weighted Integral Representations and Properties of Some Weighted
Classes of Holomorphic. Harmonic and Smooth Functions in the Unit Disc and Half-Plane™
of Feliks Hayrapetyan is a high level investigation work devoted to the solutions of some
actual questions of Complex Analysis. All the results of the Thesis are new and undoubt-
edly are an essential contribution to an actual topics of Complex Analysis. The Sinopsis
corresponds to the Thesis.

In my opinion, the Thesis satisfies all the requirements and its author Feliks Hayrapetyan de-
serves the degree of Candidate of Physical and Mathematical Sciences A.Ol.Ol-Mathematical
Analysis.
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