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General description

Topicality: In the last century German mathematician W. Blaschke (see [1]) pro-
posed the problem of finding necessary and sufficient conditions for a sequence of
real numbers to be the sequence associated with a convex set and of determining
when those conditions are satisfied, whether or not the corresponding convex set is
unique. In particular, Blaschke problem was formulized of recognition of bounded
convex bodies using covariogram, orientation-dependent chord length distribution
function, chord length distribution function etc.

Matheron in 1986 asked the following question:

Covariogram Problem. Does the covariogram determine a convex body,
among all convex bodies, up to translations and reflections?

The first partial solution of Matheron’s conjecture gave Nagel in 1993 (see [0]).
Nagel proved that every planar convex polygon is determined within all planar con-
vex polygons by its covariogram, up to translations and reflections. In 2002 Bianchi,
Segala and Volcic provided that if the planar convex body’s boundary has strictly
positive continuous curvature the covariogram problem has positive answer (see [6]).
In 2009 G. Averkov and G. Bianchi showed that every planar convex body is de-
termined within all planar convex bodies by its covariogram, up to translations and
reflections (see [9]). In [7] Bianchi provided that if D C R™ and H C R™ be convex
bodies and let L be a nondegenerate linear transformation, then the two convex
bodies L(K x H) and L(K x(-H)) in R"** have the same covariogram. This means
that the covariogram problem in the general case (n > 4) has a negative answer.

There is another problem which formulated as such a way.

Blaschke problem Is there a one-to-one correspondence between bounded con-
vex bodies D and their chord length distribution functions Fp(t)?

This was an old question of W. Blaschke whether the random chord length deter-

mines the convex body D uniquely, up to all Euclidean motions. The answer of this



question was given by Mallow and Clark (see [I6]), they construct two non-congruent
bounded convex 12-gons with the same chord length distribution. It means that we
cannot reconstruct convex bodies by

Method to avoid the above mentioned problem is not using completely mixed
form of the distribution, but preserving information about the line which generates
the chord (see [21], [5]) and to examine the above mentioned question in subclasses of
the class of convex bodies for which the chord length distribution provides sufficient
information to distinguish between non-congruent members (see [17], [18]).

The covariogram problem appears independently in other contexts. Adler and
Pyke (see [30], [31]) asked whether the distribution of the difference Py - P of two
independent random points Py, P, uniformly distributed over D determines D up to
translations and reflections. This problem is equivalent to the covariogram problem,
from the observation that the convolution in is the probability density of P; -
P, , up to a multiplicative factor.

It is very little known about the above mentioned problem. One of the result of
this dissertation is the explicit form of relationship between covariogram and distri-
bution function of the distance between two uniformly and independently distributed
points which is presented in second chapter.

Objectives:

1) Explicit form of kinematic measure in terms of chord length distribution func-
tion

2)Relationship between covariogram and distribution function of the distance
between two uniformly and independently points

3)The calculation of the covariogram and Orientation-dependent chord length
distribution function for any trapezoid.

4)Relationships between the covariogram and the orientation-dependent chord

length distribution function of an oblique prism and those of its base.



5) Explicit forms of the covariogram and the orientation-dependent chord length
distribution function of an oblique prism with circular, elliptical, trapezoidal and
triangular bases.

Research methods: Methods from Integral and Stochastic Geometry and
Probability Theory.

Main results of the dissertation are published in four papers; references can
be found in the end of this booklet.

Structure and volume of dissertation: the dissertation is written on 76
pages; consists of an introduction, three chapters, conclusion and the list of 41 cited
references.

Overview and main results

Let R™ (n > 2) be the n-dimensional Euclidean space, D C R™ be a bounded
convex body with inner points and V,, be n-dimensional Lebesgue measure in R™.

The covariogram C(D, h) of D is the function (see [2])
C(D,h) =V, (DN (D +h)),

where h € R™ and D+ h = {y + h,y € D} is the translation of D by h. Another
way of representing covariogram is autocorrelation of the characteristic function of
D:

C(D,h) = Ip*I_p) = / In(t) * I_py (h — t)dt (0.1)

n

where * denotes convolution and -D is the reflection of D in the origin.

Denote by G the space of all lines g in the Euclidean plane R?. The space G of
lines can be mapped in a one-to-one way onto the surface of a unit cylinder with the
usual cylindrical coordinates (p, ¢), where ¢ is the direction of g (¢ is a point on
the unit circle) and p is the distance from the origin O to g. Let v(:) be the locally
finite measure on G, invariant with respect to the group of all Euclidean motions

(translations and rotations).



It is well known that the element of the measure up to a constant factor has the

following form (see [13]):
v(dg) = dg = dpdg

where dp is the one-dimensional Lebesgue measure and d¢ is the uniform measure
on the unit circle.

We denote by [D] all lines that intersect bounded convex body D
[Dl={geG:9nD#0},

Furthermore, let A%, be the set of lines that intersect D, producing a chord x(g)

= g N D of length less than y, i.e.
Ap={g€[D]:Ix(g)l <t}, t€R.

The distribution function for the length of a random chord x of D is usually
defined as

AL
Fo®) =5 ‘aD|/ /A%d”d"’

the same way we can define chord length distribution function for higher dimensional
spaces|14].

Let P, and P, be two points chosen at random, independently and with uniform
distribution in D. Firstly, we are going to find the probability that the distance
p(P1, Py) between P; and P, is less or equal to x, that is we would like to find the
distribution function F,(x) of p(P1, P»). By definition, we have

dPdPy

{(P1,P2) : p(P1,P2)<t}
F,(t)=P(P,,P,c D:p(P,P,) <t) =
P( ) ( 1,472 P( 1 2) < ) ff 4P, D,

{P1,P2€D}

where dP;, i = 1,2 is an element of Lebesgue measure in R"™.
Let Oy, be the surface area of the n-dimensional unit sphere. O,, is defined [I]

27T(n+1)/2
Sy



where I' is the gamma function which satisfies the recursion formula,
P(n+1) =nl'(n)
especially, I'(n + 1) = n! and T'(1/2) = /7.

Theorem 1. For any body D in R™

Onfl
2

K(D,t) = V(D) — On— )S(D) /O [1 — Fp(u)]du (0.2)

2(n—1
where K(D,t) is the kinematic measure of all oriented segments of length ¢ that
lie inside D

We know that
t"1K(D,z)
£ = —ap

Using equations (0.2)) and (0.3 we get the relationship between the density func-

(0.3)

tion of the distance between two points chosen at random, independently, and with

uniform distribution in D and the chord length distribution function as follows

1

B tn—loni2
- V3(D)

(n—1)

From equation density function of the distance between two points chosen

£,(t) (" 0n V(D) -

S(D) /0 t[1 - FD(u)]du>. (0.4)

at random, independently, and with uniform distribution in a ball of diameter d we

obtain:

(0.5)

Knowing the density function of the distance between two points chosen at ran-
dom, independently, and with uniform distribution in D we calculate the k-th mo-
ment of the distance between two points chosen at random, independently, and with
uniform distribution in D which is expressed in the following formula:

d
M= o _%ﬁiﬂé% 5 /0 2R(1— Fp(a))da (0.6)




From[0.5]and [0.6 we calculate the mean of the distance between two points chosen

at random, independently, and with uniform distribution in ball.

= e [~ ()= B

Let P, and P, be two points chosen at random, independently and with uni-

form distribution in D. Denote by (x11, %12, ,Z1,) the coordinates of Py and by
(z21, 222, ,Xa,) the coordinates of P,. Denote by (x1,x9, - ,x,) difference of
corresponding coordinates of Py and Py (z; = x1; — Z2;). We define distribution

function of difference of two points

f(P1,P2€D:w1 <hi,x2<ha, - xn<hy) dP1dPs

Fp,—p,(h) = V2(D)

We obtain the relationship between distribution function of difference of two
points chosen at random, independently, and with uniform distribution in D and

the covariogram of D

C(D,h)
_p(h) = ——-
fPl Py ( ) VnQ(D)
and also we obtain the relationship between density function of P — P and orien-
tation depend chord length distribution function

1
V(D)

n

frrm(h) = (wD) —b(D,u) / - FD<s,u>>ds)

We get relationship between covariogram and density function of the distance

between two randomly and independently chosen points

1 no1(C(D,t,u) C(D,t,u) B
po=3 [, - (Samr+ oy )

tn—l
=— C(D,t,u)du (0.7)
V(D) /sn_1
Using we get formula for calculating kinematic measure using covariogram.

We know that (see [39])
1" 1K(D,t



where K(D,t) is the kinematic measure of all oriented segments of length t that lie
entirely inside D (see [I).
We can calculate k-th moment using the following formula
MF = dxn+k—1/ C(D,z,u)dudx
" Jo VD) Jgu O
In chapter three obtained the relationship between the covariogram of the oblique
prism U with base B using the covariogram of its base
tsin(s — 6)

sin ) , qb) (dsin B — tsin6) (0.8)

cw ) = (8.

For oblique prism U with base B (not necessarily convex), with prism generator
d and angle between prism generator and base S the orientation-dependent chord

length distribution given by the following formula

0, ift<0

b(B.9) (55

sin B

Va(B) sin 0-+b(B,¢)d sin B(22L=0)

Fy(t,w) = { +sind [ (1 - Fp((“2E0) ¢))du+ (0.9)

) (t sin 60+

+(dsin B — tsin0) Fip((22L22), ¢)>7 if 0 <t < tax(w)

L, if £ > tas(w)

Where t,,0,(w) is

%, if # € [0, arccos #M]U
() = U[— arctan amml?;i)in—%sinﬂ’ 0] 0.10)
fssii;l(ﬁ, if [arccos #ﬂ%’ T/2)U
U[—7/2, — arctan wtlf(l;l)infémnﬁ]




when dcos 8 < Tpmaq(P) and

sinbBemas(®) i g ¢ [0, arctan —45in8___]

[sin(B—0)[ > Tmax(®)+dsin B
tmaz (W) = iissiirf:fl’ if 6 € [arctan gc,wj;i)iigsiw’ arctan #ﬂ%]
sin BT maq ()

g i 6 € [arctan g R ] m/2] U [-7/2, 0]

(0.11)
when dcos 8 > Tmaz(d).

Let T C R? be a trapezoid with bases a and b and the angle between longer base
and legs are 11, 9. Without loss of generality we can assume that 0 < i1 < 7/2,
1 <Yy < 7 and b < a. We can translate and rotate trapezoid so that the longer
base located in X axis.

Fr(z,¢) =0if x < 0 and Fr(z,¢) = 1 if # > Xmaz(d). Now we discuss the
non-trivial cases when 0 < & < Zy... Because this is 7 periodic function we can
assume that k is equal to 0.

(i) For 0 < ¢ < ¢
zSinMSin(wﬁ(}ﬁfiﬁfif;ml sin(@+v2) i ) < 3 < 2(0)

ﬁ (bsin ¢+

(x—x0(9)) sin(p1 — ) sin(h2+¢)
+ S (91 7 92) +

zsin(otva)sing ) if 20(¢) < & < Tymax (@)

sin 1y
(ii) For ¢ < ¢ <7 — 1o

T sin ¢ (sin(lpg + @) sine)y + sin(¢ — 91 ) sin 1/)2>
b(T, ¢) sin 11 sin ¢

FT(.I, ) =

FT(xa ¢) =

10



(iii) Form —¢s < p <

—z sin ¢ (sin ﬁi?ﬁ,()ﬁfnwjfgifrﬁ%)Sin Y2) i 0 < @ < mo(¢)
) .
577 (bsino—
Fr(a,¢) = "7
_ (@=z0(¢))sin(¥o+¢) sin(p—t1) |
sin(1+12)
Jsingsin—p)) ifo(9) < & < Tmas(9)

Where z¢(¢) and x1(¢) are lines which has ¢ angle with X-axis, pass through a

vertex of trapezoid and make a chord of positive Lebesgue measure,
zo(¢) = minx(ly +y) and 21(¢) = mazx(ly +y)

Using equations[0.8land[0.9] we calculate the covariogram and orientation-dependent
chord length distribution function of circular oblique prism with base circle of radius

r, side d and sides lean over at the base is 8 (circular oblique prism denote by L,.)

(dsin 8 — tsin 0)2r? arccos %—
CLstyw) = { —tn0=p)  [1,0 — T5mGp), if 0 <t < Xnaw(w)
0, otherwise
0, ift<0
o[ sins—0)

sin B

7 sin 0+2d sin(5—0) <d sin f—

Fr (t,w) = ; i 2
e (£:10) —(dsinB—BtS;na))<\/1—<W) )+

+ st (arcsin () i 0 < ¢ < Xonaa ()

1, if t > Xmaz(w)
Using equations[0.8land 0.9 we calculate the covariogram and orientation-dependent
chord length distribution function of an elliptical oblique prism with with prism gen-

erator d, the angle with prism generator and base is 8 and base as an ellipse with

11



semi-major axes a and b (Denote by L. an elliptical oblique prism and by E,; its

base)

B T tsin(8—0) 2sin’(B—0) . ,
C(Le,t,w) = 2ab<2 R sinﬁ\/ D @ P

— arcsin m) (d sin 8 — tsin 9)

0, ift<o0

sin 3
wabsin 0+b(Eq p,¢)d sin(8—0) (d sin B—

Fr (t,w) = Py i ?
el <dsmws;n9>><¢1(;;1:am) )+

max sin 6 sin . sin(B—0 .
+%(Eﬂt$n(%)) if 0 S t < Xmaz(w)

b(Ea.p,0) (S‘“(ﬁ—e)

1; if ¢ > Xmaa:(w)

and b(Eqp, ¢) is equal to

b(Eap, @) = \/a2 sin? ¢ + b2 cos? ¢

Let La denote an oblique prism with triangular base A. We consider the side of
A that lies on the X axes. Let a be the length of that side, and 1, and 15 be the
corresponding adjacent angles.equations and we calculate the covariogram

and orientation-dependent chord length distribution function of La

2
SA<1_m> (ssinﬁ—tsin@), if 0 <t < Xmaz(W)
C(LAata¢):

0, otherwise

where Sa is the area of the triangle A.

12



0, ift<0

th(B,¢) (W)

Fp, (t,w) = { Sasin6+b(B,¢)dsin g (2“(%—9’>

. 3tsind sin(8—0) dsin(—0) .
(2 SIN0 — S s T xmae (@) >, if 0 <t <tmaz(w)

1, if t > timas(w)

In desertation it also calculated the orientation-dependent chord length distribu-

tion function for an oblique prism with trapezoid base.

13
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Unfthnihuhghp

Uwnktwjununipiniind ptbwpdws Eu hwpgtp, npnup Epwpkpnid i nndngpubhy
Enuuwlutpnyg uwhdwwhuly ninnighly dwipuhtiubph JEpulubqudwip:
Uwutwynpuytu pttwplyt) Eu nduphngpudh jpughpp, npp wnwewnpl] £ Uwnbkpntp
1986 pywlwuhu, b fyuolth Munhpp: Mughptbph pnit bywnwlp hujuibwubwght
pumipwgppsttpny  dwpdhuubph  tnybwlwbwgndt B b wyy  dwpdhutbtph npno
hwwnlmpniuttnh Ephwinudp:

Uwnbkuwjununipniinud unnugyty ki hbnbyw) wpyniupubpp.

Quyp dwpduh dbe tpint wuunwhwlut, hwjuwuwpuwswh puojus b whljue
ytwntph dhol hEnwynpnipjut puppudwt $niulghuyph b Yhubdwwnhl swthh pojnp
ninhnubkph, npnup wdpnnonipjudp qudnud b dwpduh tkpunud:

Quuyp quph Epjupmpiub pupfidiwl $niblyghuyh b Yhubvwinhy swihh popnp
ninhnubkph, npnup wdpnnonipjudp qudnud Eu dupduh tkpunud:

Zupyuplws L guwiugus wnwpwsnipniinid  qunh  Epine wuwunwhwlwl,
hwjwuwpwswth puppws b wbljupn Yhkwnbkph dhol hbpwynpnipjut  fnnipjub
dnruljghwic:

Uwpdinud tpint yuwunwhwlwl, hwjuuwpuswth pupjjws b waupu Yhnbkph
htowynpmpjul k-py Jupgh Undbinh pugwhwyn whkupp Jujujws jwph kplupnipjui
puipfutwl $nitlyghwhg:

ZupJupyyws b gubjugws swihwth qunh bphnt wuwnwhwlwl, hwjuuwpuswh
pupfuud b whljuwju Yhnbph dhol hinwnpnipjut k-py Yupgh dndbunp:

Uunwgh] tup Juy Epynt wquwunwhwliwb, hwjuwuwpwsuh puopudus b whljufe
Ytwntph nwpppnipju pnnipjut $niulghugh b Ynduphngpudh dhol:

Uunwgl] Gup Juy Epynt wwunwhwluwl, hbwquuwpuwswh puppudus b wiuwju
Ytwntph hipwynpnipjut pnnipyut $niuljghwgh b ynduphngpudh vholi:

Zupupljyly ki guujugws suhwih qunh kplint yuwnmwhwlwl, hwjuwuwpuswth
pupfujws b mujwju YEnbkph nwuppbpnipjut fpnnipjut dnruyghwtpp:

Zwpuplyly k Epnt yuunwhwlw, hujuwuwpuwsut pupudus b waljuwju Yenkph
hbowynpmpjul jonmput $milhghut kowilyub hwdwp ogunugnpskin Epwiljul
YnJuphngpuuh puguhuwjn nkupn:

Zwqupljws b php wphquwih  Ynjuphngpudp wpnwhwpngws  hp o hpuph
Ynjwphngpundny]: Lulb wpdwé £ juy pkp wphquugh mngnipimihg jujajws juph
tpupnipjut puppdwt $miyghuyh b hp hpdph mngmpymihg jupjws  juph
Epupnipjui pupfudwi niuyghuygh dhol:

Zwpuplpl) £ mnnmpiniihg jupnjws juph bpljupmppub pughafwb $niblghwb
ubnuuh hwdwp: Pugwhuwyn wbupny wpyl] o php quuip, Lhwywhl hhdpny php
wphquuyh, Eowblmb hpdpnd, php wphquuyh, ubknuuh hhuipny, pkp wphquuyh
ninnipiniihg yujudws juph Epljupnipyub puphudwt $niajghwt b njuphngpudp:

dhnpnlpjuy pnnp wipynipubkpp thpuyugyws ku [38]-[41] wolnunwupubpnud:
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AmHoTtanua

B aBropedepare AuccepTanMU 3aTPOHYTHL BOIPOCHL, KACAIOUIMECS BOCCTAHOBIEHMUS
OTPaHMYEHHBIX BBIIYKJIBIX TeJl TOMOrpaduyecKMMH MeTojaMu. B uacTHOCTH, 06CyXZajnach
3a/laua KOBapHOrpaMMBbl, KOTOPYIO BbIABUHYI MarepoHr B 1986 roxy u sagaua Biamke. OcroBHOM
I[eJIBI0 PAGOTBHI SBJILETCSI BOCCTAHOBIIEHHUE TeJl BEPOSTHOCTHBIMY XapaKTEPUCTUKAMU U BBISABIICHIE
HEKOTOPBIX CBOMCTB OTUX TeJL.

B puccepranuy moydeHs! CAeLyIOLre Pe3yIbTaThL:

CBA3b QYHKIMU pacIpefieleHUs PACCTOSHUA MEXIY ABYMA CIyYalHBIMM, PaBHOMEPHO
pacIipefieleHHBIME ¥ HE3aBHCHMBIME TOYKAMU ¥ KHHEMAaTHIeCKOH MepHl OTPE3KOB, KOTOpPbIE
[IOJTHOCTBIO JIEKaT B TeJe, CBSI3b MeXAYy (YHKIUel paclpefeleHus [JIUHBI XOPABL U
KMHEeMaTHUIeCKOl Mep5I BCeX OTPE3KOB, KOTOPbIE TIOJTHOCTHIO JIEKAT B Tele.

Berauciena QyHKIUSA IUIOTHOCTH PACCTOSHUS MEXAY AByMs CIyIallHBIMU, PABHOMEPHO
pacIipefieIeHHBIME M HE3aBUCHMBIMU TOYKAaMM IIapa B eBKJIHJOBOM IIPOCTPAHCTBE JIOOOM
Pa3MepHOCTH.

SBHBIM BUA MOMeHTa k-TO IIOpAAKA PACCTOSHUS MEXAY AByMS CIyYailHbBIMU, PaBHOMEPHO
pacIipefieIeHHBIMH TOUYKaMH B TeJle, B 3aBUCHMMOCTH OT QYHKIIUY PacIpefie/leHUs JIMHBI XOPABL.

BerdmcieH MOMEHT paccTOSHMSA k-TO HOpAAKAa MeXIY ABYMs CIyJalHBIMU, PaBHOMEPHO
pacIpefie/IeHHBIMY 1 He3aBHCHMBIME TOYKAaMU LIapa JI000i pasMepHOCTH.

IonydeHa cBs3b MeXAy QyHKIMEH IIOTHOCTH PACCTOSHUS IBYX CTyYaWHBIX PABHOMEPHO
pacIipefieleHHBIX M He3aBHUCHMBIX TOYEK IIapa 000 PasMEepPHOCTH YU KOBApHOTPAMMBLI STOTO
Tesa.

Beramcnena QyHKIUA IUIOTHOCTHM — PacCTOAHUS ABYX  CAy4aifHBIX, pPaBHOMEPHO
pacIpefieleHHBIX Y HE3aBUCHMBIX TOYEK [JIi TPEYTONBHHUKA WCIOAB3ys sBHBIH BHJ,
KOBapHOTPaMMbl TPEYTOIBHUKA.

BerymcieHa KOBApHOIpaMMa HAKJIOHHOM IIPH3MBI, B TePMHUHAX KOBAPHOTPAMMBI €&
ocHoBaHMA. Take /laHa CBA3b MeX/Y 3aBHCAIIEH OT HampaBleHUs QyHKIHel pacIpejeneHUt
IJIMHBI XOpABI HaKJIOHHOW IIPH3MBI M HallpaBieHud QyHKLMeH paclpefeneHus IJIUHBI XOPIBI
3aBUCAIIEHN OT €€ OCHOBaHUA.

BerymcieHa 3aBuCAIllag OT HAmpaBaeHUA OYHKIUA pacIpefeleHus IJIUHBL XOPZABI
TpameLnny.

B sBHOM BHZe [aHA 3aBUCALIAS OT HANIPABIEHUS GQYHKIVS PACcIpelesleHus IJIMHbl XOPAbI
IUI HaKJIOHHOTO LMIMHZPA, HAKJIOHHON IPHU3MBI C DJUIMITUYECKHM OCHOBAHMEM, HAKIOHHOM
IIpU3MBL C TPEYTOJBHBIM OCHOBAHKEM, HAKJIOHHOW IIPU3MBI C TPalleLieNAaIbHBIM OCHOBAHUEM U
KOBapHOTPaMMEI 3TOTO TeJa.

Bce BhIlIeynoMsHyThIE pe3yIbTaThl IpeACTaBIeHs! B paborax [38] — [41].
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