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Abstract  

The dissertation is devoted to the study the Lense-Thirring (LT) effect in a weak-field 

modification of General Relativity, also are considered other associated phenomena and 

effects. The extension of Newton’s shell theorem (sphere-point gravity equivalency) and 

and the appearance of the cosmological constant in McCrea-Milne cosmological 

scheme,  enable to study a bunch of observable effects in the relevant modified gravity 

such as the dynamics of groups and clusters of galaxies,  galactic halos, the LT precession, 

shadows of black Holes (BH), etc.  

Namely, based on the aforementioned modification of weak field General Relativity, 

the frame dragging precession is studied in Kerr metric, the frequency and other 

relevant formulae are derived for certain type of orbits, then satellite data on LT effect 

are used to constrain the modified gravity contribution. In Appearance of an additional 

term associated to the cosmological constant and LT effect is shown within the 

framework of gravito-electromagnetism.  

Then the immediate environment of a black hole, is studied, that is the shadow and 

the accretion disk. Using the derived expression for the radius of the shadow of the 

Schwarzschild-de Sitter black hole, the observational data for M87* supermassive black 

hole are studied and relevant constraints are obtianed within the parameterized post-

newtonian formalism (PPN). Expressions for the Schwarzschild-de Sitter metric for 

adiabatically invariant quantities - action variables are derived, in terms of the 

Weierstrass elliptic ℘ function and relevant consequences and applications are 

analysed. The stellar tidal disruption effect near the massive black holes is studied, 

relevant formulae are derived for the case of modified gravity, including the star flux to 

the loss-cone. 

 

T imeliness and re levance  

 

Various modified theories of gravity are currently used to study the nature of the dark 

matter and dark energy. The studied weak field General Relativity is among those 

approaches and enables one the comparison of its consequences with observational 

predictions for various phenomena. Among the latter are the frame dragging (Lense-
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Thirring) effect, the black hole shadow, accreation disks, stellar tidal disruption near 

massive black holes, etc. 

 

 

Aim of the d issertat ion  
 
 
 Analysis of a bunch of physical effects within the weak field modified General 

 Relativity and comparison of the predictions with available observational data.  

 
 
 

Novelty of  the work   

 

The contribution of the cosmological constant is revealed in a number of astrophysical 

phenomena, in the strong field frame dragging, black hole shadow etc, the relevant 

formulae are derived and constraints are obtained in each case. 

 In the strong field limit, i.e. in the Kerr metric, it was shown that the Lense-

Thirring effect (which derived in the weak field limit) continues to be valid, and 

the maximum possible deviation from it is well described by the nutation of the 

angular momentum. 

 Formulas were derived taking into account the cosmological constant both in a 

weak field (Lense-Thirring metric) and in the case of a strong field (Kerr metric). 

These expressions can be used to analyze observational data. In addition, an 

interpretation was given of the additional term arising in the precession rate. 

 It is shown that in the case of cosmological constant modified gravity, the orbital 

eccentricity ceases to be an adiabatically conserved quantity, in contrast to the 

Keplerian case. 

 it was shown that if the influence of the cosmological constant on the process 

of tidal destruction by a supermassive black hole is taken into account, the stellar 

flux increases. In addition, it is shown that pulsars can cross the horizon of a 

supermassive black hole without being destroyed by tidal forces, which makes 

it possible to study the geometry of the immediate vicinity of a black hole. 
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Pract ica l  va lue  

 

With the improvement of the accuracy of the observational data, the derived 

relationships for various astrophysical phenomena can be used to reveal the 

contribution of departures from the General Relativity.  

 

Main po ints  to  defend  

 

 The consequences of weak field General Relativity with cosmological constant 

are studied for various astrophysical phenomena.  

 The appearance of additional term with cosmological constant is shown for 

Lense-Thirring effect within gravito-electromagnetic formlism. The relevant 

formulae are derived regarding the physical effects near the immediate vicinity 

of a massive black hole, i.e. the shadows and the accretion disks. Using the 

observational data for the shadow of the supermassive black hole in galaxy M87, 

the relevant constraints on the parameter modification are obtained. For disk 

accretion the modified apsidal and nodal frequencies are obtained.  

 Expressions for the adiabatically invariant action quantities for the 

Schwarzschild-de Sitter metric are derived, with relevant consequences and 

applications.  

 The modification of the parameters, particularly of the stellar flux to the loss 

cone are derived for stellar tidal disruption effect near massive black holes in 

galactic nuclei. 

 

 

Structur e of  the  dissertat ion  

 

The dissertation consists of Introduction, three chapters: 

 

1. Lense–Thirring Effect 

2. Black Hole Shadow and Disk Accretion 

3. Adiabatic Invariance and Tidal Disruption Effects 
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conclusion, list of used literature, includes figures and tables. 

 

 

Content  of  the d issertat ion  

 

In the Introduction the role of modified gravity theories is discussed in the context 

of the problem of dark energy and dark matter. The Lense-Thirring effect and other 

observational effects are analysed which can be relevant for testing the modified gravity 

theories. The content of the chapters of the dissertation is given.  

 

 

Chapter 1  

 

In the first chapter the Lense-Thirring precession in the Kerr metric is considered, the 

evolution of the angular momentum of a particle for both bounded and unbounded 

orbits, and an additional effect, namely, nutation of the angular momentum is 

Figure.1 Left: A hodograph of a bounded orbit approximated by a sum of precession and 

nutation. Right: The squared radius in (Lx;Ly)-plane as a function of integration 

parameter . Dots depict the exact curves obtained through numeric simulation by the 

classical fourth-order Runge–Kutta method with absolute numeric error estimated to be 

< 10-7, according to Runge’s rule. Red line shows the approximation. 
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revealed.  The results are confirmed by means of numerical integration of geodesic 

equations (Fig.1 for a bounded orbit Fig.2 for a unbounded). 

  

 

In the same chapter the contribution of the cosmological constant is studied both in 

the weak field limit, i.e. in the Lense-Thirring metric, and in a strong field, in the Kerr 

metric. Expressions for precession rate in both weak field and strong dield regimes are 

given in the following equations: 

 

 

 

Figure 2. Left: A hodograph of an unbounded orbit approximated by a sum of 

precession and nutation. Right: The squared radius in (Lx;Ly)-plane as a function of 

integration parameter . Dots depict the exact curves obtained through numeric 

simulation by a variable step fourth-order Runge–Kutta method with absolute numeric 

error < 10-10. Red line shows the approximation 
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It is shown the impossibility of interpretion of the csomological constant an exotic 

matter of density 
−Λ𝑐2

4𝜋𝐺
.  Since without mass, the cosmological constant by itself 

cannot cause precession (as seen from the above expression). 
   The key to the interpretation of the additional term is given by the so-called 

electrogravitomagnetism. In this formalism, the Lense-Thirring precession (a purely 

relativistic gravitational effect) is put in correspondence with the Larmor precession 

(electromagnetic effect). 

 

Within the framework of the gravito-electromagnetic formalism the Lense-Thirring 

precession is analysed for the modified gravity case and the precession rate obtained 

as a correction in the gyromagnetic ratio  

Ω =
2𝐺𝐽

𝑐2𝑟3 +
Λ𝐽

3𝑀
 

𝛾 = 2 (1 +
𝑀Λ

𝑀
) 

In addition, limits on cosmological constant are obtained using the derived relations 

for the precession rate and The data from the LAGEOS-1, LAGEOS-2 and LARES satellites 

are used to obtain constraints on the modified gravity (Table 1). 

 

 

 

 

Table 1 
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In the more realistic case, i.e when considering the oblateness of the earth we can 
using the contribution of the high tidal modes  

 

 

where 𝐽2 is the Bessel function of the first kind and we get more stringent constraints 
on the value of the cosmological constant 

  

 

 

Chapter 2  

 

In the second chapter the processes occuring near black holes are analysed. The 
constraint is obtained from the formula of the shadow for Schwarzschild-de Sitter black 
hole as compared with  observational data of the supermassive black hole M87*: 

 

1 +
𝔼(𝑟𝑠ℎ)

𝑟𝑠ℎ
≥

𝑟𝑠ℎ,Λ

𝑟𝑠ℎ,𝑠ℎ
=

1

√1 − 9 (
𝐺𝑀
𝑐2 )

2

Λ

 

 

This relation, together with data on the radius of the M87* black hole, makes it 
possible to find a constraint on the cosmological constant. In addition, one more 
limitation can be found based on the data for the mass of the black hole itself. We get 
the following two constraints. Based on shadow data 

Table 2 
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Λ ≤ 1.542 × 10−28 [𝑚]−2 
 

And based on the data for the mass 

Λ ≤ 2.214 × 10−28 [𝑚]−2 

 

Within the parametrized post-Newtonian (PPN) formalism from the shadow data the 
value for the parameter ζ is obtained 

 

𝜁Λ = 4.77 × 10−26 

The value of ζ  is a measure of deviations from General Relativity and also is a 
constraint on various modified theories of gravity.  

 
In this chapter also considers the influence of the cosmological constant on the 

structure and dynamics of the accretion disk. Since the cosmological constant enters 
both the relativistic and the weak field limits, in the first case it contributes to the 
relativistic precession, and in the second case to the Lense-Thirring precession. Taking 
into account these additions in the fluid equations, which describe the motion of the 
accretion disk, in addition, taking into account the additional term in the gravitational 
potential, one can find the nodal and apsidal precesion frequencies for the accretion 
disk. They are respectively written in the following form 
 

 

 

 

 

 

 

where 𝜔𝑝−𝐾,Λ is the modified post-Keplerian frequency. 

 

 

 



11 

 

 

Chapter 3  

 

The third chapter is devoted to the use of action variable technique and the adiabatic 
invariant quantities for the Schwarzschild-de Sitter metric. The corresponding action 
variable expressions are found   

 

𝐽𝑟 = 𝐽𝑟
0 +

4𝑀2Λ

3
𝐽𝑟

1 + 𝑜(Λ) 

 
where 𝐽𝑟

0 and 𝐽𝑟
1 are expressed in terms of the Weierstrass ℘ functions by following 

way:  
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The formulae for orbital parameters, the eccentricity and focal parameter, in the case 

of the Kepler problem for the modified gravity potential are obtained. For example, it is 

shown that, the eccentricity ceases to be a combination of only action variables, which, 

in its turn implies that, the eccentricity to be a conserved quantity (in the adiabatic 

sense). 

 

This difference is demonstrated in numerical simulation (Fig. 3), where it is shown that 

if the mass of the central body changes adiabatically, then in the case of Kepler the 

eccentricity does not change (in the adiabatic sense), but in the case of the appearance 

of an additional term related to the cosmological constant, eccentricity decreases 

linearly.  

 

 

 

 

Figure.3 The variation of eccentricities for Newtonian e(t) and Λ-potentials eΛ(t) for the 

given input parameters. 
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In this chapter also considered the tidal disruption effect. The effect of tidal disruption 

of stars near the massive black holes is studied in modified gravity case, the formulae 

for the main parameters are derived and certain increase of the star flux to the loss cone 

is shown.  

 
 

 

 

As it is clear, the value of 𝑓𝑓𝑢𝑙𝑙  becomes larger for Λ-gravity than for Newtonian 

case, which means that the contribution of Λ leads to more stars to be torn apart. 

The presence of repulsive Λ-term affects the nature of dynamics of the orbiting stars, 

especially at larger radii, the notions and concepts of the tidal radius and tidal force. 

 

It is shown that due to high matter density and hence the decrease of the the Roche 

limit (Table 3), the pulsars can cross the black hole horizon without being affected by 

tidal disruption, thus they can be used as unique clocks to trace the metric near black 

holes’ horizon. 
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Conc lus ion  

 

In Conclusions, the main results of the dissertation are listed: 

 

1. The Lense-Thirring is studied for the Kerr metric, that is in strong field approximation, 

the appearance of an additional effect, the nutation is revealed. 

 

2. Expressions for the precession rate in the weak field limit – Lense-Thirring metric -- 

and in the strong field limit, are obtained, which show that, the for weak field modified 

gravity with cosmological constant, the additional term cannot be interpreted as a matter 

of normalized density. It is shown that, within the framework of the gravito-

electromagnetic formalism, an additional term in the Lense-Thirring precession does 

appear, leading to a correction in the gravito-gyromagnetic ratio. 

 

3. Observational constraints using the Lense-Thirring effect are obtained on the 

cosmological constant term using empirical data of LAGEOS and LARES satellites. 

Table 3 
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4. It is shown that the data for the observed shadow of the supermassive black hole in 

the galaxy M87*  are in agreement with the modified expression for the shadow radius 

for the Schwarzschild-de Sitter metric. 

 

5. For the Schwarzschild-de Sitter metric and using the Weierstrass elliptic functions, 

expressions are derived for the action variables and of adiabatically invariant quantities. 

In the weak field limit, unlike the Keplerian case, in the modified gravity case, the 

eccentricity of a finite orbit ceases to be a simple combination of adiabatically invariant 

action quantities, and therefore, the corresponding external and internal parameters of 

the system are not preserved (in the adiabatic sense). 

 

6. It is shown that the repulsive cosmological constant term tends to increase the tidal 

disruption rate of stars near a massive black hole. For pulsars, due to their high matter 

density, the Roche (tidal) radius can reach the radius of the horizon of galactic massive 

black holes. This implies, that the pulsars can cross the black hole's horizon without being 

tidally destroyed, thus revealing their role as of unique clocks to trace the time dilation 

and the space-time metric. 
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